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Abstract

We provide a strategic model of the formation of production networks that
subsumes the standard general equilibrium approach. The objective of firms in our
setting is to choose their supply relationships so as to maximize their profit at the
general equilibrium that unfolds. We show that this objective is equivalent to the
maximization by the firms of their eigenvector centrality in the production network.
As is common in network formation games based on centrality, there are multiple
Nash equilibria in our setting. We have investigated the characteristics and the
social efficiency of these equilibria in a stylized version of our model representing
international trade networks. We show that the impact of network structure on
social welfare is firstly determined by a trade-off between costs of increasing process
complexity and positive spillovers on productivity induced by the diversification of
the input mix. We further analyze a variant of our model that accounts for the
risks of disruption of supply relationships. In this setting, we characterize how social
welfare depends on the structure of the production network, the spatial distribution
of risks, and the process of shock aggregation in supply chains. We finally show
that simple trade policies characterized by sets of links that are either prevented
or catalyzed can be a powerful equilibrium selection device.
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1 Introduction

Decentralized network formation processes are key mechanisms in shaping global socio-
economic structures. A number of recent episodes have shown that substantial negative
externalities can be associated with these processes. Behaviours aligned with micro-
level objectives can lead to the emergence of risk at the macro-level: risk of polarization
in social networks [Levy, 2021], risk of epidemic spreading in human networks [Pastor-
Satorras and Vespignani, 2001, Antras et al., 2023], systemic risk in financial networks
[Acemoglu et al., 2015], macro-economic risk in production networks [Acemoglu et al.,
2012, Elliott et al., 2022]. Against this background, the oversight of network formation
processes is becoming politically relevant in a number of fields. First and foremost,
deglobalization is at the forefront of the policy agenda in a range of developed economies
[Witt, 2019, Kornprobst and Paul, 2021]. It is partly conceived as a policy response to
raising global risks [Razin, 2020, Irwin, 2020].

Despite the policy relevance of the issue, there exists few formal models of the inter-
play between decentralized network formation processes and macro-level social objectives.
This paper aims to advance the literature in this direction by providing a model of the
strategic formation of production networks, investigating the social efficiency of Nash
equilibria and identifying potential welfare improving policies in this setting. Our model
subsumes the standard general equilibrium approach. We consider that the production
technologies of firms are determined by their choice of suppliers. Accordingly, firms choose
strategically their supply relationships in view of the profits the corresponding technolo-
gies will yield at a general equilibrium of the economy emerging as a Nash equilibrium of
this production network formation game. In other words, firms aim to insert themselves
efficiently in the network of exchanges, assuming markets are competitive.

We show that the objective of firms can equivalently be expressed, in network terms,
as the maximization of their eigenvector centrality in the production network. In such
centrality maximization games, the set of Nash equilibria is typically very large [Catalano
et al., 2022]. This induces substantial indeterminacy, and potentially major inefficiency, of
economic outcomes. We investigate this issue more specifically in a setting where supply
relationships can be disrupted by exogenous shocks, due e.g. to natural hazards. In this
setting, socially efficient production networks shall balance the structure of risk and the
distribution of productivity to deliver the largest expected supply. On the contrary, the
decentralized supply choices of firms, which focus on their own centrality, neglect the risk
they transmit through their supply chains. This can lead to substantial inefficiencies.
Namely, we show that the price of anarchy can become infinitely large as the number
of firms grow. Against this background, we investigate policy measures that can nudge
firms towards efficient equilibria by restricting the set of admissible supply relationships,
e.g. through preferential trade agreements. Such measures can be very efficient: a few
targeted interventions can reduce substantially the indeterminacy of equilibrium and the
scope of potential inefficiencies.

1.1 Related literature

Our contribution builds on the recent thread of literature that analyses general equilbrium
economies through the prism of network theory in order to generate new macro-economic



insights [Acemoglu et al., 2012, Gualdi and Mandel, 2016, Moran and Bouchaud, 2019,
Carvalho et al., 2021, Dessertaine et al., 2022]. It is more specifically related to [Gualdi
and Mandel, 2019] and [Acemoglu and Azar, 2020], which subsume a standard general
equilibrium model into a dynamic network formation process. Yet, these contributions fo-
cus in the interplay between network formation and economic growth and do not consider
strategic behaviour of firms in their choice of supply relationships. Notably, in [Acemoglu
and Azar, 2020], firms choose their suppliers so as to minimize production costs and thus
somehow acts as the agents of the representative household, limiting the potential scope
of negative externalities.

Our focus on the role of production networks in the propagation of risks is linked
to a range of contributions about network-based amplification of micro-economic risks
[Bak et al., 1993, Battiston et al., 2007, Acemoglu et al., 2012, Barrot and Sauvagnat,
2016, Carvalho et al., 2021]. Yet, these contributions generally aim at quantifying the
amplification of micro-economic shocks through network effects whereas we are concerned
with the micro-economic and behavioral determinants of the riskiness of the network. In
this respect, our approach is closely related to Elliott et al. [2022] that shows endogenous
formation of supply networks can be conductive to fragility. However the approach of
Elliott et al. [2022] is less directly related to general equilibrium than ours, analyzes
specifically tree-like supply chains, and focuses on fragility per se rather than on the
interplay between strategic behaviour and social efficiency.

Its emphasis on social efficiency relates our work to previous contributions that have
investigated, in different contexts, negative externalities induced by network formation
processes. Fagiolo [2005] investigates a model of network formation where externalities
become negative as the size of an agent’s neighborhood grows. Carayol et al. [2008]
analyze network formation in a spatialized version of the connections model of [Jackson
and Wolinsky, 1996] and show that emergent networks are insufficiently dense and should
be more structured around central agents. Morrill [2011] considers a model where any
new relationship imposes a negative externality on the rest of the network and shows that
socially efficient and stable networks generally diverge. Finally, Buechel and Hellmann
[2012] analyze systematically the sources of inefficiency in network formation and relate
situations of positive externalities with stable networks that cannot be too dense, while
situations with negative externalities tend to induce “too dense” networks.

The remaining of this paper is organized as follows. Section 2 presents our model of
production network formation and its connection with general equilibrium theory. Section
3 investigates the welfare properties of the Nash equilibrium of the model in a context
where links can be disrupted by exogenous shocks. Section 4 identifies policy measures
that can nudge firms towards efficient equilibria by restricting the set of admissible supply
relationships. An extended appendix contains the set of proofs for our results.

2 Strategic formation of general equilibrium networks

2.1 Economic framework

We consider an economy with a representative household, indexed by 0, and a finite
number of firms M := {1,--- ;m} C N* producing differentiated goods. We let N =



M U {0}. The representative household supplies one unit of labor, receives the profits
from the firms and is characterized by a Cobb-Douglas utility function of the form

u(x(]’l’ e 7’1.0,77,) = H mg?jj’

jeEM

where ag € Rf , ap,; is the share of firm ¢ in the household’s consumption expenditure,
and > .y a0y = 1.

As in Acemoglu and Azar [2020], we assume that the firms have the ability to choose
their suppliers and that these endogenous choices define their production technology.
More specifically, we assume that goods are grouped in a set L of categories/sectors, and
we denote by M, the set of firms producing goods of type ¢ (we consider 0 to denote
a specific category for labor, and define My = 0). Each firm i is then characterized at
a “meta-technological” level by a vector of requirements b; = (b; o, - ,b;1) € Ri such
that > ,.; bie < 1. In this setting, b;, represents the proportion of inputs that firm i
must source from sector /. Firm ¢ must then choose its suppliers under these sectoral
constraints, i.e. it must choose input shares (a;;);en € RY towards each agent such that

forall ¢ € L,
Z ;5 = bi’g.
JjeM,

Its actual production technology is then given by a Cobb-Douglas production function of

the form
fa,i(xi,oa T 7117¢,m) = Aia;) H CL’?;],
JEN

where \;(a;) € Ry, is a productivity parameter that depends on the choice of suppliers.

The choice by each firm ¢ of its vector of suppliers, a;, together with the given of the
household’s consumption shares ay defines a general equilibrium economy. Given that
the utility and the production functions are Cobb-Douglas, the economy is completely
characterized by the productivity functions A, the consumption shares ag, and the pro-
duction network matrix A := (a; ;)iem jem € Rf *M “We shall thus denote this economy
as £(A,a). A general equilibrium of the economy £(\, a) is standardly defined as follows:

Definition 1 A general equilibrium of the economy E(X, a) is a collection of prices p €
RY, (final and intermediary) consumption choices T € RN and output 7 € RY (with
Yo = 1) such that

(i) Each firmi € M mazimizes its profit under the technological constraints, i.e. (Y;,T;)
1s solution of the following problem:

max ]_)zyl — ]_9 Ty
(P) : .
s.t Y; = fa,i(Ii)

(ii) The household mazximizes its utility under its budget constraint, i.e. Tqy is solution
of the following problem:

max u(xg)
C):

st P20 <po+dienPi¥; — DT
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(iii) All markets clear, i.e. for alli € N, one has

> T =T

JEN

2.2 Existence of a general equilibrium

Let us recall that in a Cobb-Douglas setting, for all ¢, j € M, a; j represents the proportion
of firm #’s expenses directed towards firm j. Furthermore, if ), a;r < 1, the profit
rate of a profit-maximizing firm ¢ is given by the degree of decreasing returns to scale
g =(1—-> jenaij) = (1~ S o big). Hence, if py is the price of labor and (v;);er are
the revenues of the firms at equilibrium, one must have, for all j € M,

vV = Qg Po + ao,; Z Vi€; + Z Q;,5Vis (1)

1eM 1eM

where ag jpy corresponds to consumption of good j based on labor income, ag; D .y, vici
corresponds to consumption of good j based on profit income, and .., a;;v; corre-
sponds to intermediary consumption of good j (see the proof of Proposition 1 for details).
Overall, equilibrium financial flows in the economy can be captured by the following ma-
trix:

0 a1,0 e (0
Qg1 11+ €101 Qml T EmQo
A : : :
Qp; Q15+ €100 ' Qg+ Emboy
ag,m QA1,m + €1aom ' Gmm + EmAo,m

Thus, one has ( IZ? ) = A x ( ]:) > if and only if Equation (1) holds for all j € M.

. T
Remark 1 If there are constant returns to scale, one simply has A = ( aO leT ),
-0

where XT denotes the transpose of X .

It is straightforward to check that A is column-stochastic. The following conditions then
imply that it is aperiodic and irreducible.

Assumption 1 The model parameters satisfy the following conditions:
(i) The representative household consumes every good, i.e. ag € RY, .
(11) All firms use labor as input, i.e., big = a;o > 0 for alli € M.

(11i) At least one firm uses another input than labor in its production process, i.e. there
exists ig € M and £ € L/{0} such that b;, ;> 0.

Lemma 1 Under Assumption 1, the matriz A is aperiodic and irreducible.



This suffices to show the existence and to provide a characterization of the general equi-

librium of £(\, a)

Proposition 1 There exists a general equilibrium in the economy E(X, a) which is unique
up to price normalization. Assuming po = 1, we further get that

(i) equilibrium revenues v; := p,y; are such that

(1)-4+(2)
v v

which means that Equation (1) holds and ), ,, a;ov; = 1;
(i) equilibrium profits are such that

Ti= (1= ai)vi= (1= bio)v;

JEN teL

(i1i) equilibrium prices are such that
log(p) = (A —I)"'u+ (A~ I)"'Dlog(v), (2)

where u; = log(Ai) + 3 cn aijloglai;), D = diag(d oy aij — 1), log(p): = log(p,),
and log(v); = log(v;).

2.3 Characterization of social welfare

The characterization of Equilibrium in Proposition 1 allows to provide a closed-form ex-
pression for the consumer’s welfare associated to a production network structure. Namely,
one has the following result:

Lemma 2 The welfare of the representative consumer at the equilibrium (T,D,y) of the
economy E(\, a) is given by

V(a,\) =log(u(Z)) = log(vo)—l—z ag,i log(ag,i)+(ao)’ (I—A) " u+(ag)” (I—A)~'Dlog(v),
ieM
where u; = log(\;) + ZjGN a;;log(a; ;) and D = diag(zjeN a;; —1).

This expression further simplifies in the case of constant returns to scale.

Lemma 3 If for all i € M, ¢; = 0, or equivalently ZZL:O bie = Y pen @ik = 1, then we
have

V(a,\) =log(po) + Y _ ag;log(ag,) + (ao)" (I — A)~'u,

eM

where u; = log(\;) + ZjeN aijlog(a;).



2.4 Strategic framework

The economic framework we consider is very similar to that of Acemoglu and Azar [2020],
where firms’ suppliers choice also define a general equilibrium economy. However, Ace-
moglu and Azar [2020] focus on the emergence of endogenous growth through increasing
product variety in a setting with constant returns to scale, and where firms choose their
suppliers in view of minimizing production costs. In this setting, the incentives of firms
are aligned with these of the household, and firms thus somehow act as the agents of the
household. We are rather concerned by the strategic behavior of profit maximizing firms
and the negative externalities it can induce on the household.

As a benchmark representation of this situation, we consider the normal-form game
G(ag, b) in which each firm i € M

(i) chooses as a strategy a vector of input weights a; in the set of admissible techno-
logical configurations S;(b) := {a; € RY | 37,/ ai;j = bis} and

(ii) receives as payoff the equilibrium profit in the hence defined economy E(\, a), i.e.

Wi(ai, a_i) = (1 — Zam)@ = (1 — Zbi,f)ﬂi?

JEN el
where T is such that 7 := AT and > jenm @00 = 1 by Proposition 1.
A Nash equilibrium in the game G(ag, b) is defined as follows:

Definition 2 A Nash equilibrium of the game G(ag, b) consists in the choice by each firm
1 € M of a vector of input weights a; in the set of admissible technological configurations

Si(b) such that for all i € M and all a; € S;(b), one has
(@i, @) > mia;, a_;).

Hence, we represent the formation of production networks as a network formation
game in which each firm chooses its suppliers with the aim of maximizing profit at the
corresponding economic equilibrium. In economic terms, firms choose their position in
the global supply chain, assuming that supply relationships will remain stable and that
competition will occur through substitution between suppliers.

Remark 2 Given the weights b, it is straightforward that G(ag,b) is equivalent to the
game with strategy space S;(b) where the payoff of player i is determined by the invariant
probability distribution of the Markov chain defined by the transition matriz AT. In other
words, the payoff is described by pu(a) such that 3" p;(a) = 1 and Ap(a) = p(a).

The existence of a Nash equilibrium in G(ag, b) then follows from the observation that
the game is an ordinal potential (see [Monderer and Shapley, 1996]), as in the closely
related network formation games considered in [Catalano et al., 2022] and [Cominetti
et al., 2022].

Proposition 2 The game G(ao, b) is ordinal potential and admits at least one Nash equi-
librium.

Remark 3 Following Proposition 1, the profits in the general equilibrium economy E (X, a)
and, consequently, the payoffs in the game G(ap,b) are independent of the productivity
functions X.



2.5 Network-based characterization of equilibrium behavior

From a network-theoretic perspective, Remark 2 implies that G(ayg, b) is equivalent to the
game where firms choose their outgoing network connections to maximize their eigen-
vector centrality in the network with the adjacency matrix A. Given the outgoing links
from the household, the eigenvector centrality of firms can be characterized in terms of
walks emanating from the household. Namely, let us associate to a link (4, 7) the weight
a;; := a; j + €;a9,; corresponding to the share of revenues of 7 that are routed towards j,
either directly through intermediary consumption a;; or through the consumer via the
spending of profit-related income €;a0 ;. Accordingly, given a walk of length £ from ¢ € M
to j € M denoted as p = (hy, ha, ..., hy) € M* with hy = i and hy, = j, let us define
the associated weight as w,(p) := Hf;l(ahi,hm + €m0, 1) = [[;—1 Qhiyr,his TEPresenting
the share of revenues of ¢ reaching j through the corresponding walk. We then denote
by Pji the set of walks from j € M to i € M and by Pji(a) = > ,cp.  wa(p) the sum of
weights of walks in P;;. One can then express the profit of firms in terms of the weights
of network walks.

Lemma 4 For allt € M,

7'('2'(61,) = 61(1 — AM)Z-_I(IO =£; Z CLOJ‘P]'J‘(CL).

JEM

In order to characterize more precisely the profit maximizing behavior of the firm,
it is useful to decompose network walks further into direct walks and cycles. A walk
p = (hy, ha, ..., hy) is called a direct walk from j to i if h; # ¢ for all j € {2,...,k — 1}
and a direct walk from 4 to 7 is called a direct cycle. We use D;; to denote the set of all
direct walks from j to 4, (in particular, D;; is the set of direct cycles around ) and D;;(a)
to denote the sum of weights of such walks. One shall note that D, ;(a) is independent of
a; as it contains no outgoing link from 7. The profit of firm 7 can be expressed in terms
of the direct paths to ¢ and the direct cycles around ¢ as follows:

Lemma 5 The profit function of firm i € M 1is given by

o + ZjeM/{i} ap;Dji(a)
1— DZ"Z'(CL) ’

7Ti((l) = €Z'P()7i((l) = &;

or equivalently,

a0 + 2 jen/qiy @05 D5i(a—:)
€ ~ = .
L —a; — ZkeM/{i} Qg Dr,i(a—i)

Wi(ai,a—i) =

Moreover, m; is continuous and quasi-concave in a;.

Remark 4 Being row-stochastic, AT is the transition matriz of a Markov chain, and

P;; can be interpreted in the context of this Markov chain as the probability of reaching j

from i before reaching 0 (considering only walks with nodes in M ).



Hence, the revenues of firm i correspond to the flow of consumption spending (based
on labor income) that reaches i. The profit of firm ¢ corresponds to a share ¢; of these
revenues. Lemmas 4 and 5 hence highlight that the firms aim to maximize incoming
connectivity from the consumer. As the firms only choose their suppliers, they can only
affect this connectivity indirectly by maximizing the term D; ;(a), i.e. by ensuring that the
largest possible share of incoming value from the consumer remains in their supply chain.
Thus, they must choose suppliers that link back towards them, directly or indirectly. In
other words, firms have incentives to form clusters of suppliers with integrated supply
chains. In particular, firms will always choose to keep production integrated internally
if this is an available option, i.e. a firm does not have an external supplier for its own
category of product.

Proposition 3 For every Nash equilibrium @ of G(ag, b), one has for all i € M,

1€ M, = a;; = bi,g.

2.6 Network-based characterization of the social welfare

Following Lemmas 2 and 3, given firm linkage choices a, the social welfare is given by

V(a,\) =log(u(T)) = log(vo)+z ag,ilog(agi)+(ao)” (I—A) " u+(ag)" (I—A)"'Dlog(v),

€M

which simplifies in the case of constant returns to scale (g; = 0) to

V(a,A) = log(po) + Z ag;1og(ao;) + (ao)" (I — A)~"u,

ieM
where for all i € M, u; = log(\i) + 3_ ;¢ @i j log(ai ;).

In the latter case, maximizing V' (a, \) with respect to (a;);eps amounts to maximizing
W(A,N) = (ag)" (I — A) . (3)

Given the regularity of V(a,\), W(A, \) can be used, in a first-order approximation,
as a measure of welfare if the ¢;s are small-enough, i.e. if all firms have small enough
decreasing returns to scale.

Equation (3) highlights two determinants of social welfare. First, the vector u whose
coordinates u; = log(Ai) + >,y aijlog(a; ;) correspond to the difference between the log
productivity of firm ¢ and the Shannon entropy of its distribution of input weights across
suppliers. The derivation of Equation (13) in the proof of Proposition 1 highlights how
this “entropy corrected productivity” emerges as a condensed measure of the production
costs of firm ¢ combining productivity per se (measured by \;) and the complexity of the
production process (measured by the Shannon entropy » .y a;;1log(a;;)). The larger the
u;, the lower the production cost and the equilibrium price of good i shall be (all other
things being equal, see the proof of Proposition 1). Second, social welfare depends on the



connectivity between the consumer and firms with high “entropy corrected productiv-
ity”. Indeed, Equation (3) can be written as a weighted sum of walks in the production

networks
W(AN) =) ag;Pjla)u;.
ieM jeM
Accordingly, the first-order conditions for welfare maximization can be expressed in terms
of network structure as follows:

Proposition 4 If the production network A is maximizing the welfare measure W(a, \)
among the set of technological configurations {A € RY*M | Vi € M, > jen, @ig = bicl,
one has for all i € M, for all ¢ € L, and for all 7 € My,

OW (A, A ou
Q; j >0= #(a) = PO,Z' (Z Pj,k’uk‘ =+ log(ai,j) + 1> = Imax ((l)

keM, Oa;
keM ¢ Tk

Hence, the marginal contribution of link (7, j) to social welfare depends on the con-
nectivity between the household and firm ¢ on one hand, and the connectivity between
firm j and other firms weighted proportionally to (entropy-corrected) productivity, on
the other hand. Accordingly, at a social optimum, only production links that maximize
the connectivity between the household and high-productivity firms shall be enabled.

Overall, one observes major differences between the determinants of the social welfare
and these of firms’ profitability. The social welfare depends on connectivity from high
(entropy-corrected) productivity firms towards the household whereas firms’ profitabil-
ity is independent of productivity and depends on the connectivity from the household
towards the firms. In other words, the analysis of efficiency in the game G(ao,b) shall
be based on a measure of social welfare defined independently from the individual payoff
functions. This discrepancy between individual and social objectives can be observed
in a number of network formation games, e.g. when individuals choose their peers in
social networks to maximize influence but hence favor polarization [see e.g. Bolletta and
Pin, 2020] or when financial institutions form lending relationships to diversify risk but
thereby create structures prone to systemic risk [see e.g. Allen and Gale, 2000].

3 Social welfare in strategic production networks

In this section, we explore the potential inefficiencies induced in our framework by the
discrepancy between micro-level incentives and social objectives. Considering potential
applications to international trade within the context of the globalization/deglobalization
debate [Witt, 2019, Kornprobst and Paul, 2021], we concentrate our analysis on a class
of replicate economies that can be viewed as a model of monopolistic competition a la
Armington [Armington, 1969, Dixon et al., 2016]. In this setting, where the determi-
nants of final demand and social welfare are given by the representative utility function,
we investigate how strategic choices of firms shape trade in intermediaries and global
supply chains. We further investigate the welfare impacts of these strategic choices in
the presence of risk and heterogeneous productivity. In this section, we measure welfare
simply by W (A, \) since we mainly focus on the situation where the ¢;s are small enough.
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3.1 Equilibria in a replicate economy

In this subsection, we investigate in details the structure of the set of equilibria in the
setting of a replicate economy [see e.g. Debreu and Scarf, 1963|. Every replication can be
interpreted e.g. as a country in a context of international trade.

Let us first define a simple game as a game in which M = L so that there exists
exactly one firm in each category. Such a game is characterized by a share of consumption
expenditures ag € Ri and technological requirements b, € R* for each firm ¢ € L = M.
In the corresponding game G(ao, b), the strategy sets are singletons and thus the unique
Nash equilibrium is characterized by a, = b, for all £ € M.

We then define G"(ag, b) as the n-fold replicate of G(ag, b), where there are exactly n
firms in each category /¢, all with technology requirements b,, and the household spending
share on each firm in category ¢ is exactly %o.¢/n. More formally,

Definition 3 The n-fold replicate of the game G(ao,b), denoted by G"(ao, b), is the game
G(ag,b™) such that

(i) the set of firms is M ={1,...,nL};
(11) the set of firms in category £ € L is My ={({ —1)n+1,...,¢n};

(iii) the consumption shares ag are such that for all € € L and all i € My, af, = =2*;

(iv) the technology requirement b" are such that for all i € My, b = by.

Such a replicate economy can be considered as the model of an economy with n
countries, where firms of country ¢ are labeled as ¢,n + ¢, ..., (L — 1)n + ¢. Each firm
must choose in which country it sources its different inputs. Two polar cases can naturally
be considered in this setting: one of an autarkic/island economy where each firm only
sources inputs domestically, and one of a globalized economy where each firm sources
inputs uniformly from each country. More broadly, one can consider partitions of the set
of countries into economically integrated regions where firms source inputs only within
the region. Let Q := {Qi,...,Qx} be a partition of {1,...,n}. We define Qpp =
{({ = )n+1i:1i € Qr} the set of replications of input type ¢ in the cluster Q. In an
n-fold replicate game G"(ag, b), we define a Q-clustered network /production structure a2
such that for all i € Q.

((1/1% = bi,éa
a2 =0for j € Qui\ {i},
b; ¢ ) _ 4
ain = Y for J € Quy with 0/ # £, 4)
7| Qxl
kal% = 0 otherwise.

It can be demonstrated that every OQ-clustered network/production structure is a
Nash equilibrium of the n-fold replicate game G"(aq, b).

Proposition 5 If for all i € M, ¢; is sufficiently small, then every Q-clustered net-
work/production structure a© is a Nash equilibrium of the normal-form game G"(ag, b).

11



Remark 5 [t has been previously observed that network formation games based on cen-
trality can generate a large number of Nash equilibria [see e.g. Catalano et al., 2022,
Cominetti et al., 2022].

Proposition 5 implies that there is substantial indeterminacy about the network struc-
ture that can emerge from strategic interactions in the formation of global supply chains.
Certain equilibrium configurations might lead to substantial inefficiencies. In order to
investigate this issue, we shall quantify, in the following, these inefficiencies using the
notion of price of anarchy. In our setting, it is defined as follows:

Definition 4 The price of anarchy POA(b) is defined as the ratio between the largest
equilibrium social welfare in the class of economies E(A, \) with technology configurations
in S(b) and the lowest equilibrium social welfare in an economy that is a Nash equilibrium

of the game G(ao,b).

Among the potential equilibrium network configurations presented in Proposition 5,
two polar cases will be of particular interest: (i) the islands economy such that |Q| = n,
in which firms are only connected to firms in the same cluster/country, and (ii) the fully
connected economy such that |Q| = 1, in which firms are uniformly connected across
clusters.

3.2 Social welfare and productivity

In the simple setting of the game G"(ag,b), the impact of network structure on social
welfare is mostly determined through the productivity characteristics of technologies,
which are captured by the productivity functions A. A benchmark case is given by Hicks-
neutral productivity A such that for all (a;) € RY,

— 1
Mai) = a7
HjEM ;. ;
Indeed, Hicks-neutral productivity exactly compensate productivity losses from in-

creasing process complexity through positive spillovers on productivity. If all firms have
Hicks-neutral productivity, social welfare is independent of network structure.

Proposition 6 If all firms have Hicks-neutral productivity, i.e. for all v € M, \; = A,
the the social welfare is equal at all the Q-clustered network equilibria of the normal form
game G"(ag, b).

The comparative statics between equilibria in the general case then depend on the
relative strengths of technological spillovers on productivity with respect to the Hicks-
neutral case. Namely, we say that a firm has increasing (resp. decreasing) returns to
diversification if positive spillovers from input diversification on productivity are greater
(resp. smaller) than in the Hicks-neutral case.

Definition 5 Firm i has increasing returns to diversification if for all (a;), (a}) € RY,
Ala;)

/\Z(az) > a;
~ Aal)

Ma;) > Ma)) = @) = X
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Respectively, firm i has decreasing returns to diversification if for all (a;), (a}) € RY,

)

Q;
a;)

< </ Aila;)
Aai) > Ma;) = @) <

!

Remark 6 It is, in particular, the case that a firm has decreasing returns to diversifica-
tion if its productivity is constant and independent of the network structure.

In a setting where there are increasing returns to diversification, more interconnected
network structures will be more socially efficient, and conversely in the case where there
are decreasing returns to diversification. In particular, one has an exact comparative
static result comparing the islands and the fully connected economy:

Proposition 7 In the game G"(ay, b),

e if all the firms have increasing returns to diversification, social welfare in the fully
connected economy is greater than social welfare in the islands economy;

e if all the firms have decreasing returns to diversification, social welfare in the islands
economy is greater than social welfare in the fully connected economy.

These differences in welfare can be quite substantial from a quantitative standpoint,
as highlighted by the following example:

Proposition 8 In the game G*(ag,b) where all firms have constant productivity X, the
welfare difference between the island and the fully connected economy is of the form

K log(n)
with K > 0. Accordingly, the price of anarchy tends to infinity as n tends towards infinity.

Overall, the results in this subsection emphasize that the optimal network structure
depends on productivity spillovers. If there are strong productivity spillovers to input
diversification, then more interconnected, globalized network structures are more socially
efficient. If these spillovers are weak, more localized networks structures are more efficient.
Note however that our setting a la Armington is likely to underestimate the benefits of
globalized networks because its monopolistic competition structure limits the possibilities
of substitution between domestic and global goods.

Our results also complement those in Acemoglu and Azar [2020] giving necessary con-
ditions for sustained economic growth via endogenous formation of production networks.
Indeed, if there are increasing returns to diversification, total output and social welfare at
the fully connected equilibrium of G"(ag, b) will grow as n grows. Hence, as in Acemoglu
and Azar [2020], the ability of firms to update their supply relationships following the
entry of new firms, suffices to sustain economic growth. There is the choice between
multiple suppliers, only those such that this is maximal shall be selected (or all suppliers
shall have same marginal contribution towards household).

13



3.3 Social welfare and risk

The recent literature has emphasized (emerging) risks as potential major drivers of change
in the structure of global supply chains [see e.g. Razin, 2020, Irwin, 2020]. In order to
investigate this issue, we extend our model by considering that each link (i,j) can be,
independently, disrupted with a probability r;; € [0,1]. These exogenous shocks on
supply relationships impact are assumed to impact the production process and thus the
output of the firms. We formalize these impacts by considering that if the set of links K
is disrupted in the network A, the production function of firm ¢ is altered to

fi Ti0,° " s Tin) = 1— d)Z(KA a’t *T )
s ) p zy

JEN

where p is a parameter determining the average magnitude of shocks and ¢ is a disruption
function defining the impact on output through aggregation of the shocks occurring in
the supply chain.

One can remark that these disruptions of productivity do not impact the profits of
firm at general equilibrium and thus do not modify the set of Nash equilibria of the game
G"(ag,b). However, these shocks induce substantial modifications of social welfare, which
is now given by the expected utility of the representative household given the distribution
of risk, i.e.

= > LI a-r I malViea-p" Y ox. 6

KCMxM {(i,j)eK} {(h.K)eK}

and

= S 0TI a-np TI madWia(-p* ey, (6

KCMxM {(i,j)eKc} {(h,k)eK}

where ® denotes multiplication coordinatewise.

Equations (5) and (6) highlight that in this extended setting, social welfare depend
on the structure of the production network, the “spatial” distribution of risks given by
r, and the disruption functions ¢. Socially efficient networks shall both minimize the
risk of disruption and ensure resilience in case a disruption occurs. One can characterize
more precisely these efficient networks once the distribution of risks and the disruption
functions are specified.

In order to disentangle between risk and productivity related effects in the game
G"(ag,b) where all firms have Hicks-neutral productivity functions, we further assume
that utility weights are independent of the category/country, i.e. for all ¢ and for all
1,7 € My, ap; = apj. In this setting, we consider two polar cases for the disruption
functions:

e Firstly, there is a fixed-cost to disruption independently of the number of links
affected in each category. It is characterized by ¢™" such that for all i € M,

¢f—nin(K7 A) = ZjeMeI( _in Qjj-

/)€K and a; ;>0
el 4,5) and a;,j

14



e Secondly, the impacts on the suppliers cumulate additively. It is characterized by
@™ such that for all © € M,

P, A) = > ;.

jl(@,5)eK and a; ;>0

Furthermore, we consider two polar cases for the spatial distribution of risks:

e First, a case where risk is homogeneous, i.e. for all ¢,57 € M r;; = r for some
r € [0,1].

e Second, a case where risk depends on the distance between firms, i.e. for ¢ € M,
and j € My, r;; = TW for some r € [0, 1].

In this setting, one can provide a complete comparative static for the Q-clustered
equilibria of the game G"(ao, b).

Proposition 9 In the normal form game G"(a,b) with risk,

1) if ¢'(K, A) = ¢™(K, A), then the mazimum (resp. minimum) social welfare is
achieved in the fully connected (resp. island) economy, irrespective of whether risk
18 homogeneous or increases with distance;

2) if ¢'(K,A) = ¢5“"(K, A) and risk is homogeneous, then the social welfare is the
same for all Q-clustered equilibria;

3) if ¢'(K,A) = ¢f*™(K, A) and risk is increasing with distance, then the mazimum
(resp. minimum,) social welfare is achieved in the the island (resp. fully connected)
economy.

Despite the stylized nature of the examples considered, Propostion 9 highlights a range
of results relevant for applications. When supply disruptions are not cumulative (Case 1),
diversification allows to mitigate risk and a fully connected network structure is always
preferable; independently of the spatial distribution of risk. When supply disruptions
cumulate additively and the spatial distribution of risks is homogeneous (Case 2), the
benefits of diversification are exactly compensated by the increase costs of risks, so that
every equilibrium network structure is equivalent. When supply disruptions cumulate
additively and risk is proportional to spatial distance (Case 3), the benefits of diversi-
fication are more than offset by the increase in risk so that an autarkic organization is
preferable.

3.4 Welfare improving network policies

The previous results of this section highlight that multiple production networks can
emerge as strategic equilibria of decentralized network formations processes. Certain
equilibria might be very inefficient from the social welfare point of view. In particular,
firms may fail to account for the productivity gaps and/or the risks associated to certain
supply relationships.

15



However, the clustered nature of these equilibria put forward in Proposition 5 hint
at relatively simple ways to restrict the set of possible equilibria in order to coordinate
behavior on efficient equilibria. Indeed, in order to prevent the formation of a given
cluster at equilibrium, it suffices to prevent the formation of a single link in that cluster.
Conversely, to opt for certain clusters at equilibrium, it suffices to ensure a priori that
one of the links of the cluster will be formed. In practice, the creation or prevention of
links can be enforced by a range of tools such as trade agreements, tariffs, and non-tariff
barriers.

Formally, we define a trade policy by a pair of subgraphs (P,C) € M? x M? where
P is the set of links that are “prevented” by the policy and C the set of links that are
“catalyzed” by the policy. It is assumed that a prevented link can not be present in an
equilibrium network while a subsidized link must be present in an equilibrium network.
More precisely, we say that a Q-clustered equilibrium network is compatible with a trade
policy (P, S) if it contains none of the links in P and all the links in S. A trade policy can
efficiently coordinate behavior on certain equilibria in the sense that given the clustered
nature of equilibria, one requires to prevent and/or catalyze only a few links to select
specific equilibria. Namely, one has the following proposition:

Proposition 10 In any n-fold replicate game G"(ao, b),

e if a trade policy (P,C) prevents at least one link from category £ to category l', then
category £ and category ' are in separate clusters at every compatible Q-clustered
equilibrium network;

e if a trade policy (P,C) catalyzes at least one link from category ¢ to category V',
then category £ and category ' are the same cluster at every compatible Q-clustered
equilibrium network.

4 Conclusion

We have developed a strategic model of the formation of production networks. Our
models subsumes standard general equilibrium models as, once firms have chosen their
supply relationships, the emerging outcome is a general equilibrium of the economy with
monopolistic competition among firms. Accordingly, the objective of firms in the network
formation game is to choose their supply relationships so as to maximize their profit at
the resulting equilibrium. In other words, firms aim to insert themselves efficiently in the
network of exchanges. We have also shown that the objective of the firms is equivalent
to the maximization of their eigenvector centrality in the production network.

As is common in network formation games based on centrality, there generally are
multiple Nash equilibria in our setting. We have investigated the characteristics and
the social efficiency of these equilibria in a stylized version of our model representing
international trade networks. We show that the impact of network structure on social
welfare is firstly determined by a trade-off between costs of increasing process complexity
and positive spillovers on productivity induced by the diversification of the input mix.
If the latter effect dominates, strongly interconnected, globalized, network structures are
socially efficient. Conversely, if the cost from increasing process complexity dominates,
island-based, localized, network structures are socially efficient.
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We further analyze a variant of our model that accounts for the risks of disruption
of supply relationships. In this setting, we characterize how social welfare depends on
the structure of the production network, the spatial distribution of risks, and the process
of shock aggregation in supply chains. Optimal network structure is hence dependent
on the riskiness environment in which the economy operates. In particular, risky supply
relationships might be profitable for the firm but generate substantial negative external-
ities at the macro-level. We finally show that simple trade policies characterized by sets
of links that are either prevented or catalyzed can be a powerful equilibrium selection
device.

Our results highlight that the validity of standard welfare theorems is jeopardized
when one subsumes general equilibrium models into a broader model of the formation
of production networks including strategic considerations. From the theoretical point of
view, our results are in line with the network theoretic literature that has shown that
decentralized network formation processes could lead to inefficient macro-level outcomes
in a range of socio-economic settings such as polarization in social networks, epidemic
spreading in human networks or systemic risk in financial networks. From the policy
perspective, our results speak to the current debate about de-globalization by highlight-
ing that the characteristics of efficient production and trade networks might depend on
contextual factors such as environmental or geopolitical risks.
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Appendix A proofs

Proof (of Lemma 1) Let us begin by noting that for all i € M, the condition b, > 0
implies a; o > 0. Moreover, if by, o > 0 for some ¢ € L]0 holds, it implies the ezistence of
Jo € M such that a;,j, > 0. The irreducibility of A is evident since for alli,j € M, we
have ag; > 0, a;o > 0, and consequently, a;oap; > 0. The state 0 is aperiodic due to the
conditions ag i @i, 0 > 0 and ag i, jo @500 > 0.

Proof (of Proposition 1) Given a price vector p € RY, the first-order condition for
profit mazimization by firm i implies that for all j € N,

PiTij = Qi jPiNi H xfkk = Q;jDiYi-
keN
This implies that the output of firm i is determined by
1

Yi = fi(Tio,  Tin) = P\z‘PiEjEN " H (%) | ] b ZjEN ai’jv (7)

Dj
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and the profit of firm v is expressed as
mi = piyi(1 — Zaz’,j)-
JEN
The first-order conditions for utility maximization yield that for all j € M,
PjTo,j = Qo,jPo + Qo,; Zpiyi(l - Z Wike)-
i=1 keN

The market clearing condition for good j € M is given by

agp. + ap ; 7-17 iU 1— a; Qg ;
_ Qo,5Po 0,j Zl,1py( ZkeN ) +Z k,gplcyk7

J Dj

went  Pi

or equivalently,

PjY; = Go,Po + Go,; Zpiyi(l - Z aix) + Z ks j Pk Y- (8)
i=1

keN keM
Furthermore, the market clearing condition for the labor market yields
1= Z a5,0P;Yj
jem Po

which can be expressed as

Po = Z a;oP;Y;j- (9)

jEM
Considering j € M and defining the revenue of firm j as v; = p;y;, Equations (8)
and (9) establish that for every j € M, the following relationships hold:

Vj = Qp,;Vo + Z G, ;Vk, (10)
keM
where vy represents household revenues defined by
vo=pot Y (1= aip)vp= (mo+ (1= aip)vp=> (1= ay)ve. (11)
keM kEN keM kEN keM keM

Equations (10) and (11) can be expressed in matriz form as
ATy =, (12)

where AT denotes the transpose of A. Since AT is column-stochastic, aperiodic, and irre-
ducible, the Perron-Frobenius theorem straightforwardly implies the existence of v € Rf
such that Equation (12) holds. Furthermore, v is unique up to price normalization
and is entirely determined by the choice of py in Equation (9), which now becomes

> jen @005 = 1.
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Finally, to demonstrate the existence and characterize equilibrium prices, Equation
(7) is employed, yielding that for all i € M,

1

i Qi | 1=25eN %5
U; = )\ipiH D; . (13)
Jj

JEN

By taking logarithms on both sides of Equation (13), we obtain

1
log(vi) = 1— S o llog(\i) +log(pi) + Y aijlog(ai;) — Y ai;log(p;)]
JEN 0] jEN jEN
(1= a;;)log(v;) = [log(A\;) +log(pi) + > _ aijlog(aiy) — Y a;;log(p;)]-
JEN JEN JEN

Assuming po = 1, the expression can be reformulated as

3" aijlog(p;) — log(p) = log(A) + Y aijlog(ai;) — (1 — Y a; ) log(ws),

JEM JEN JEN

which can be compactly represented in matrixz form
(A —1I)log(p) = u+ Dlog(v),

where u; = log(\;) + ZJEN a;;log(a;;, D = diag(zjeN a;; — 1), log(p); = log(p;) and
log(v); = log(v;). Since for alli, a;o > 0, it is evident that the spectral radius of A is less
than one, making (A — I) invertible. Consequently, we can derive

log(p) = (A—I)"'u+ (A —I)"'Dlog(v).

Proof (of Lemma 2) By Proposition 1, the equilibrium consumption for the consumer

s such that for all v € M, 3
— ao,;Vo
Loi = —— )

i

where Tg = po + Y _;cpy €0; and €, =1 — Z]EN a; ;. The utility of the consumer is thus

@-I(5)

€M

Taking the logarithm of this utility level, one obtains

log(u(7)) = log(Wo) + Y _ a0 log(ac,) — (ao)" log(p).

€M

Combining with the equation representing the equilibrium price p (Equation (2)), one gets

log(u(T)) = log(vo) + ) _ ao.log(a0s) + (a0)" (I — A)~'u+ (ao)" (I — A)~'Dlog(v),

ieM
where u; = log(\;) + >y @ijlog(ai;) and D = diag(};cy aij — 1)
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Proof (of Lemma 3 ) For the first part of the lemma, it suffices to check that if for
allt € M, e; =0, one has vg = py and D = 0.

For the second part of the lemma, it suffices to show that py is fixed by normalization
and that ).\, aoilog(ao) is independent of (a;)ienr-

Proof (of Proposition 2) By Remark 2, one can consider the equivalent game where
the payoff of agent i are given by the invariant probability of i € M, m;, for the Markov
chain defined by A. Now, following the Markov chain tree theorem ([see e.g. Kemeny and
Snell, 1976]), m; can be characterized as follows:

e For each i € M, denote T; as the set of i-rooted spanning trees. These trees are
defined as acyclic graphs with a node set of M, where node i has no outgoing edges,
and every other node j € M \ i possesses an out-degree of 1.

o The weight of a tree t € T; is defined as w(t) = H(j’k)et A, i, where the notation

(7, k) denotes the edges of t. Notably, j # i always holds, ensuring that w(t) remains
independent of a; fort € T;.
o The weight of T; can then be defined as w(T;) := Y, w(t), and w; is given by
w(T3)
ZjeM w(Ty)

T =

bt
ZjeMw(Tj)'

Notice that this function is an ordinal potential function for the game, which ends the
proof.

Proof (of Lemma 4 ) Using Equation (8) and the fact that Py = 1, one obtains di-

rectly for i € M,
Uj = ao’j + OJO,J’ E V;€; + E ak,jvk.
1EN keM

Since w(T;) is independent of a;, each agent i seeks to mazximize ¢p(a) :=

This implies that 3
V= ag+ AMU.

The matriz Ay is non-negative. Moreover, as A is column-stochastic and for all
Jj € M, ap; > 0, it is clear that for all j € M, Y .., oi; < 1. Thus, the largest
eigenvalue of Ay is less than one, and (I — Ayy) is invertible. One then has
v=(I—Apy) " a.

Furthermore, we can write
+oo
1 n
v = g (Apr)"ao,
n=0

which, i turn, yields

v = E “ag; P

jeM
Finally, it is sufficient to substitute these expressions into m;(a) = €;v; to conclude the
proof.
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Proof (of Lemma 5) Following Lemma 4, one has mi(a) = & ) cp a0 Pji- It thus

Jite
suffices to prove that for alli # j € M,

’ 1-— Dm’(a)
and ]
Py=———r.
’ 1— Dm(a)

For any path p € P;; with j # t, it is clear that either the path is a direct path or it can
be (uniquely) decomposed into a directed path d € D;,; and a cycle ¢ around i. We use C;
to denote the set of all cycles around i. Then it is straightforward to get

Pji=D;ji(1+C),

where C; := ) .o wa(c) is the sum of weights of cycles around i.

Now, let us define the multiplicity of a cycle around i. We say that a cycle around 1
has a multiplicity of k > 1 if node i appears k + 1 times in the cycle. We denote the set
of all cycles around i of multiplicity k as C¥ and remark that C} = D;;. We note that
C; = U CF i.e. every cycle around i of multiplicity k can be decomposed into k cycles
around i of multiplicity 1, and the decomposition is unique. This implies that

+00o
k=1

Thus,

“+oo D
Pj;=D;;i(1+C;)=Dj; ¥ (Dy;)*

k=0

g5t

T 1-Dy

where one has used Remark 4 which ensures that D;; < P;; < 1. A similar reasoning

shows that 1

1—Di;

Finally, the linearity of 1 —a;; — ZkeM/{i} i Dyi(a—;) in a.;, and thus in a;, implies
that the profit of firm i is continuous and quasi-concave in a;.

b=

Proof (of Proposition 3) It follows from Lemma 5 that at a Nash Equilibrium, profit
maximization amounts to marimizing

a;; + Z i Dyi(a—;) = a;; + a0, + Z (a; 1 + €iao ) Dyi(a_;).
keM/{i} keM/{i}

Furthermore, by Remark 4, one necessarily has Dy ;(a) < Pyi(a) < 1. In this setting,
it is straightforward that if @; mazimizes profit given a_;, then @;; must be as large as
possible, i.e. one must have a;; = b; .
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Proof (of Proposition 4) It suffices to show that

OW (A, A _ _
TR () = (a0) (0~ AUy 1 = A7+ (a0) (1~ A) s,
i.j
where u; ; is a column vector
0
0
log(ai,j) +1
0
0
The proposition follows by expressing the coefficients of (I — A)™! +°° _o A" in terms

of network paths and applying Karush-Kuhn-Tucker conditions.

Remark that in the Q-cluster economy, for every j,j" € My and for every input /£,
bj¢ = bjr . Therefore, from now on, in the Q-cluster economy, we denote by, the input
weight b; , for some firm j € M. To simplify of the notation, let us denote Q; = J ver, Quk
the set of all firms in the cluster Q).

Proof (of Proposition 5) Consider Q = {Q1,...,Qk} and the associated vector of
input weights for firm i, aiQ defined in system (4). We aim to prove that for every firm
1, an optimal vector of input weights is aiQ provided that the vector of input weights of all
other firm j is an.

Let us consider firm i producing goods of type { in a cluster Qy, i.e. © € Qui. Applying
Proposition 3, the optimal choice of input type { is using his own output as the input.
Therefore, the optimal weights for the input of type £ is al% = byy, az% = 0 for all
1% 7 € M,.

For input of type ¢! # (, let us look at the profit function of firm i at the vector of
input weights a = (a;, a%), which is given by Lemma 5

a0+ Xjenqy %04 D5i(a%;)
1= @i = Ypenysy @i Dri(a2)

7Ti<ai7 agl) =&;

Recall that D;,(a 1) 15 the sum of weights of all direct paths from j to i in the adjusted
matriz A in Section 2.5. There are two possible cases:

by
Case 1: Assume that j € Qp . We have D;;(a%;) > ﬁ
k
Case 2: Assume that j ¢ Qu . We remark that for any i,j € M, the sum of weights
of all paths from j to i is at most max T—bzo which is at most C' = max —— o > 0.

Now, we consider a particular direct path p fmm j to i as follows:

(h17h27 ah)v
hi =j,hg=1,hy ¢ Qy for all ¢ € {2,...,q— 1}.
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Intuitively, this path contains all firms that are not in the clusters Qi except the terminal
firm hy =i € Qui. If we denote Djyi(a%,Qk) the sum of weights of such direct paths
from 7 to 1, then we have

71762k § : l)]] 41 a;,r

7' EQk

Note that since j' ¢ Qy, one gets as.

;= &gy < D =maxag,; X max g; . Moreover, there
J% ieM eM

are at most (n — |Qx|) x L such j', which follows
D;i(a%,Qr) <C x (n—|Qx]) x L x D.

Therefore, one obtains

=Y Dju(a%,Qr) x Dui(a2) < |Qxl x C x (n—|Qul) x Lx D x C
' EQy

<C?xn’xLxD.

Note that C, n, and L are fized, and D — 0 when max;ep;e; — 0. Therefore,
D;i(a Q) — 0 when max;epre; — 0. So, if ; is small enough for all i, then Dy, ;(a Q) >
Dj, i(a Q) for any j1 € Qui and jy & Qu . Therefore, the optimal weights of firm i to
firm j & Qe is 0.

If §1,j2 € Qui, then Dj i(a%) = D;,(a%) due to the fact that j, and jg have the
same vector of input weights since they are replication of each other. Then a = Der for

1@kl
all j € Qu i are clearly optimal weights for input type ¢ # €, which ends of the proof

The proofs of Propositions 6 and 7 rely on the following Lemma.

Lemma 6 Let A% be the production network matriz associated to the network structure
 restricted to the cluster Qi and define (I — A9)™" = C9% = [¢; ;]q0ui)x(1Qu|L)s then
fori € Qui, one has

o Cre ) |Qkl-1 1
Cisi |é?k| ™ |Qk| 1 1=bg’
_ Cos 1 . .
Cij = \é?k| 1Qk] 1*bz,e forj € Qé,k \ {Z}’
Cij = 17 for j € Quy with ' # ¢,

where Cyp does not depend on the choice of Q-cluster.

Proof (of Lemma 6) Let |Qr| = my, and let [ — A% = [d; ;lmpxm,r- Considering
1 € Qui, we have

foifi#n,
2 it = {1 ifi=h. 14

JEQkK
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Now, for all £, we denote Cii= Z ¢ ;. Summing up Equation (14) over h € Quj and
jeQZ,k
over h € Q. for every ¢’ # {, we get

2. (Z dmca‘:h) =1

h€Qer \jEQk
> (Z dmﬂj:h) =0.
hEQZ’,k ]EQk

By interchanging the indices, this is equivalent to

0if O 40,
JE€EQk ! o

Now, since v € My, we have

di,i =1~ bf,@a
di,j =0 fO’f’j € Mg \ {Z},

by o
di; = _ey for j € Q. with £ # 1.
myg

FEquation (15) can be written as follows:

b ~
(1= bee)Cier + Z Z <—ﬂ) Cio | =0 forall ' # ¢,

Z;éf jEQZ,k mk
bej

(1 — b&g)ci’g + Z Z —m— Cj’g =1.
Z;AZ jEQZ,k k

This implies that for all i,j € Qi and for all V', C;p = Cjp. Thus, fori € Qu, we can
denote C;p = Cyp. Equation (15) now becomes

(1= be)Cre + Z (=b,iCsp) = 0 for all €' # ¢,
0+0
(1 - bé,E)CM + Z (—b&gCg’Z) = 1.
040

Denote Cy = (Cpy)eer, € RY and denote D = I — B, where B = [bp4|rxr. Fquations
above implies that

D(Cp)" = (er)”,

where e, = (0,...,0,1,0,...,0) € RL is the (-th canonical basis. Thus, Cy = e,(DT)7L,
which does not depend on the choice of Q-cluster economy. Note that due to symmetry
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of cluster Qy, it is easy to see that ¢;; = ¢; j» for all 1,7, j" such thati € Qug, J, 7 € Qu

with € # 0. Therefore, one obtains
Cop
S for j € Qui with '+ (.

my

Ci g

Moreover, we have
0ifi+#h,
1 if1=nh.

E Cigdin =

JEQk

Taking h € Qe \ {i} and h =1, we get

C,; b;
Z Z 00 (_ z,e) +ein(l = byy) =0,
mi. mi

i£0 \JEQj
C,; b;
S S () )+t —t -1
. . My, My,
P40 \J€Q;,
Therefore, c¢;; — cip = 1/(1 —bey) for all h € Qui \ {i}, implying that ¢;p, = ¢;p for all
h,h' € Qui \ {i}. Combining with ZheQe . Cin = Cuy, one gets

Cii = Ty, my 1—bp g’

— Cue 1 1 for’j - Qg,k \ {l}

Cij = “my my 1—=bgp

{ H_CZ,Z_i_mk—l 1

Proof (of Proposition 6) Let Q ={Q1,...,Qx} be a partition of {1,...,n}. Matrix
(I — A)™Y can be described as follows:

@
CQi
C@x

Thus, we have for i € Qu,

((a0)" (1 = A)7"), = Z 0,hCh,i

hel, Qe,k
ag e 1
= E —Cef,z: — E ao,e'cé',e,
n n
verL Vel

which is independent of the choice of Q.
If for alli, \; = A, then u; = uj = a;ologa; o which is also independent of the structure
of network. So the welfare W (A, \) = (ag)" (I — A)~'u are the same for all Q-cluster

economy.
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Proof (of Proposition 7) We first show that among all the Q-clustered network equi-
libria, A(a;) achieves the highest (resp. lowest) value in the fully connected (resp. islands)
economy. Indeed, assume that @ = {Q1,...,Qk} and i € Q. One gets

log(A Z a; jlog(a; ;)

JEQK

Replacing a; defined in system (4), we have

_ by »
log(A(a;)) = —beelog(bee) — sz v log ( b )

It is easy to see that if 0 < ¢ < 1, function xlog(c/z) is decreasing with respect to
x > 1. Thus, the value of by log(bee /|Qk|) is highest (resp. lowest) when |Q| =1 (resp.
|Qr| = n). Therefore, X a;) achieves the highest (resp. lowest) value when |Qk| = n
(resp. |Qx| =1).

If we denote al” (resp. al) the vector of input weights of firm i in the fully connected
(resp. islands) economy, then N(af) > Xal). Thus, if all firms have increasing returns
to diversification, then one has

Aila)  dila))
e F> ” Nal)
og(A

Now, note that for all i, u; = log(Ai(a;)) — a;)) + beolog(beo). Therefore,

(
= log(Xi(a;")) —log(A(ai")) + brolog(beo) > uj
= log(Xi(a;)) — log(A(a;)) + beo log(beo).

Applying the similar computation as in Proof of Proposition 6, the welfare of the fully
connected economy W (AT \) = (ap)T (I — AF) YWl is greater than the welfare of the
islands economy W (AT, X) = (ao)" (I — A;)~'u!, where AT (resp. A') is the produc-
tion network associated to the fully connected (resp. islands) economy. The result for
decreasing returns to diversification proceeds in the same way.

Proof (of Proposition 8) Defining Y, ., aorCp ¢ = Qo, same computation as in the
proof of Proposition 6 gives that for all i € My,

((ao)" (1 = A)7"), :_Qe
The welfare W (A, \) = (ao)T (I — A)~*u can be written as follows:
W(A, ) = Z ((a0)™(I = A7), u;

1
= Z EQZ (Z Uz> .
teL ieM;
In the fully connected economy, we have for all i € My,
by
— log()\) —i—bgolog(bgo) —|—bgg10g bgg —f-Zbgg/ log ( 0.0 ) .

o£0
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In the islands economy, we have for all i € My,

= log(\) + bpolog(beo) + beelog(bee) + > b log (bes) -
040

Thus, the difference between the welfare of the fully connected economy and the islands
one 18

WAL N) —W(A" N =Y Qz( > (uf - uF))

teL ieM;
=> < > b 10%(”))
teL I,
= log(n ZQz(l—bM—beo)
(cL

Clearly, Q¢ (1 —bge —beo) > 0 for all L. Thus, denoting K = > ,.; Q¢ (1 —bgg — byp)
ends the proof.

Proof (of Proposition 9) The following lemmas are useful for the proof:

Lemma 7 Let py,...,p, are real numbers. Then
n
Si( 3w I 0-m) =30
k=1 1<i1<...<ip<n JFU ey ik
Proof (of Lemma 7) Denoting N = {1,...,n}, we have for every 1 <i <n,
n—1
pi:piz Z Diy - Piy H (1—pj)
k=0 | 1<ii<..<ixg<n G oo
i1,k EN\{i} Gtk €EN\{i}
n—1
Z Z DiPiy * * * Piy, H (1 —py)
k=0 | 1<ii<..<ix<n G it
i1,,ie€N\{i} Gyttt €N {4}

By summing up over i, one can obtain the desired result by noting that for fizing 1 < iy <
. <ix < n, the term p;, - - i, Hﬁél1 i (1 = p;) appears exactly k times.

-----

Lemma 8 Let ay,...,a,,by...,b, be real numbers. Then
|al- —-b
Z |ai — aj Z |bi — by z;n ’
1<i#j<n | 1sitism < 15i5m ' (16)
n m m+n
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Proof (of Lemma 8) To prove Inequality (16), we will prove the following equivalent
inequality:

%( 3 yai—aj|>+%< 3 \bi—bj|>§ 3 Jai byl

1<i#j<n 1<i#j<m 1<i<n
1<j<m
Without loss of generality, we assume that all points belong to the segment [0,1] and
some two of the points are endpoints of the segment. Denote A = {ay,...,a,}, B =
{b1,...,bm}, and x ={ay, ..., an,b1...,bn}.
Define function f : 0,1 — R as follows:

f(@:%( >, |ai—aj\>+%< > |bi—bj|>— > lai— byl

1<i#j<n 1<i#j<m 1<i<n
1<j<m
It is clear that f is a continuous function on a compact set, so it attains the minimum
at some points x. Consider such a point with the smallest number of different values of
coordinates. Then these different values belongs to {0,1}.
Indeed, assume that there is a group of coordinates whose value is strictly between
0 and 1. We remark that if we simultaneously increase (or decrease) these coordinates
in its small neighborhood containing no other values of coordinates of x, the value of
f changes monotonically. Therefore, if we move this group of coordinates in the right
direction which does not increase the value of f, we reach to other point x', at which we
attain minimum of f and the number of different values of coordinates of x' is smaller.
This is a contradiction.
Thus, there is a minimum point x* of f where there are p numbers from A and q
numbers from B equal to 0, and n — p numbers from A and m — q numbers from B equal
to 1. At x*, we have

flz¥) = %p(n -p)+ %Q(m —q) — (p(m —q) +q(n —p))

_ 2
_ _(mp—na)”
mn

which concludes the proof.

Let us proceed with the proof of the proposition. We first observe that we can write
the disruption functions ¢7"(K, A) and ¢;“™(K, A) as follows:

¢1’1’111’1 K A Z(bmln

LelL
G (K, A) = 7 6 (. A),
(el
where
PI(K,A) = min a;;, and

JjeMy|(i,j)€K and a; ;>0

sum(K A) Z Q-

JEMy|(i,5)€K and a; ;>0

28



At the moment, we drop the superscript and write

¢i(K7 A) = Z ¢i,€(Ka A)-

el

Since the productivity factor \; is Hick-neutral, the expected (log) social welfare becomes
Const + (ag)" (I — A) ",

where

u; = log(1l —p) Z H (1 —rqp) H readi(K, A)

KCMxM | {(ab)eKc} {(c,d)eK}
=log(l-p)> | > [T G=ran) [ readie( A)
teL \KCMxM |{(ab)eKc} {(c,d)eK}

Assume that Q = {Q1,...,Qk}. Due to the special structure of Q-cluster economy,
the term ¢; (K, A) depends only on the cardinal of set K N{(i,j) | j € Qur}, and the
links (i,7) for j € My \ Q. are irrelevant for computing probability. It is trivial to see

D ¢(A) = P(Some links among |Qy| links (i, j)jeq,, is disrupted )i (., A),
where ¢; (., A) is the value of ¢; (K, A) for some K containing those disrupted link.

Thus,
uf =log(1—p) Y ®;u(A).

leL

Now, let my, be the cardinality of Qy and let us consider a firm i of input type £ in
cluster Qy, i.e., i € Qg

We remark that in both two disruption functions, ¢;;(A) = bz, which is independent
of structure of Q, so we focus on ®; (A) where ¢ # (. It is easy to see that

my
D, (A) = ZIP’(q links among |Qy| links (i,j)jeQM are disrupted )¢; o(q, A),

q=1
where ¢; (¢, A) = ¢io(K, A) for some K such that |[K N {(i,7) | j € Qux}| = q.
If ¢y = ™™ we have
min(g A) = i L= ==
it (g, 4) jeMe\(i,j)re%nand am->0& T my,

Thus,

. b_
q)glén(A) _ (1 — P(All links (i,7), where j € Qek, are not disrupted)>ﬂ

my
1— I @=riy)
JEQuk

my

= by
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If ¢; = @™, we have
sum bZe
¢7i" (g, A) = Z Aij = q—.
JjEMy|(3,5)€K and a; ;>0
Thus,
bip
O (A) = 4t Zq x P(q links among |Qy| links (i, j);eq,, are disrupted).
: my, - :

The probability of exact q disrupted links (i, j1),...,(i, jq), where ji,...,75q € Quy, S

rigcorig, L1 (0=rig)-

Applying Lemma 7, we have

Same computation as in the proof of Proposition 6 gives that for all i € Mj,
(( 0) (I —A)” ZGMCM

As in the proof of Proposition 8, we define Y, aopCps= Q. Thus

(a) (1= Ayt == 57 Qe 3 ut)

el €My

log 1 - ZQ@( Z (Z ‘Dz;é(A))>
lelL €My ™ LeL

logl— ZQZ(Z(Z(I)M ))
leL lel i€My

We then focus on the term Z D, o(A), which is
ieM;

K

S (Y @), (17)

k=1 i€Qq,

If ¢ = 1, then this sum equals to n X 7;; X by which is independent of the choice of Q-
cluster in either homogeneous risk or increasing risks. Therefore, the only concern arises
when ( # 0.

Now, we are ready to prove the main result.
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1) If (K, A) = ¢™(K, A) and risk is homogeneous, we have r;; = r for all links

(4,7) and @7y (A) = bul_(in—_mmk. Thus,
k
K K
Z( > e (A) = by (1= (=)™,
k=1 i€Qpy k=1

Applying the inequality (1 —z) 4+ (1 —y) > 1 —zy for all 0 < z,y < 1, one gets the

highest value of Z ®; o(A) is when |Q| =1 (1Q] = n), which concludes our desired
’iEMZ

result.

2) If ¢;(K, A) = ¢ (K, A) and risk is homogeneous, we have r;; = r for all links
(4,7) and 77 (A) = bz, X v. Our desired result is followed by

i( Z D57 ( )):nxbg’gxr.

k=1 i€Qq

3) If ¢;(K, A) = ¢3"™(K, A) and risk increases with distance, we have

i( Z (I)sum ) bs Z( ZEQMZJEQM ”)
i = by
k=1 iGQg,k ‘
:buﬁ( —i—Z( HGQ’“ j‘))
n

Applying Lemma 8 several times, we can conclude that the mazimal (minimal) value
of Z ®,; o(A) attains when K =n (K=1).

’L'EM[

Proof (of Proposition 10) The proof is straightforward by enumeration of the set of
Q-clustered equilibrium network.
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