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Abstract

Subsidies and taxes are widely used in labor markets to shape employment outcomes. This
paper studies how transfers affect the welfare of minority workers at competitive equilibrium in
a Kelso—Crawford framework. Although affirmative action policies are often designed to improve
labor market opportunities, we show that they may unintentionally reduce minority welfare. Our
first main result establishes that only uniform transfers—those providing the same subsidy or
tax to all members of a group across firms—guarantee that minority welfare is never reduced.
Beyond this, we derive conditions under which transfers can strictly increase the utility of tar-
geted workers, reduce unemployment, or improve the representation of minority workers across
firms, without harming others. These results clarify the limits of targeted interventions and offer

implications for the design of affirmative action policies in assignment markets.
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1 Introduction

Subsidies and taxes are widely used policy instruments in labor markets to promote employment and
reduce inequalities. In the United States, firms receive tax abatements for hiring at least a minimum
number of minority workers (Byrnes et al.|[1999; [Slattery and Zidar|2020)). In many OECD countries,
employment subsidies cover part of the salaries of disadvantaged workers (Snower|[1994). However,
such policies can induce complex responses in firms’ hiring and salary-setting behavior and, in
some cases, may unintentionally reduce the welfare of minority workers in competitive equilibrium
(Shapley and Shubik 1971} Kelso and Crawford|1982; [Kojima et al. 2024)E| By increasing a worker’s
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current paper in Appendix E
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attractiveness, subsidies intensify competition among workers, which can affect both assignment and
salaries. While both are key determinants of worker welfare, most of the existing literature focuses
on assignment, leaving salaries underexplored. This paper addresses this gap by studying how
transfer policies affect competitive equilibrium allocations and worker welfare.

We develop a competitive equilibrium model to study the effects of affirmative action policies.
Workers’ utilities depend on both their assignments and the salaries they receive. Firms are endowed
with revenue functions, which specify the revenue generated by any set of workers. Their objective
is to maximize profits, defined as the sum of the firm’s revenue from its workers plus the total
transfers—subsidies or taxes—received for each worker—firm pair, minus the salaries paid to workers.
A firm’s demand consists of the sets of workers that maximize profits given prevailing salaries and
transfers. Within this framework, the gross substitutes condition ensures the existence of competitive
equilibria, and these equilibria coincide with the set of stable allocations (Kelso and Crawford 1982;
Gul and Stacchetti 1999; Kojima et al. 2024)@ Moreover, this condition ensures the existence of
two stable allocations that maximize the objectives of each side of the market: the firm-optimal
stable allocation, in which firms maximize profits, and the worker-optimal stable allocation, in which
workers maximize utilities. For each market, we consider the mechanism leading to each of these
allocations.

We characterize the set of transfer policies that never reduce the welfare of minority workers
under the firm-optimal and worker-optimal stable mechanisms. We consider a partition of the
workforce into a minority group and a majority group. A transfer reduces the welfare of minority
workers under a mechanism if, in the allocation induced by that mechanism, at least one minority
worker obtains strictly lower utility than in the absence of transfers. Our first main result establishes
that uniform transfers—those providing the same subsidy or tax to every member of a group across
all firms—are necessary and sufficient to ensure that minority welfare is never reduced under the
firm-optimal and worker-optimal stable allocations. Considering the firm-optimal stable allocation,
we further show that any tax on majority workers never reduces the welfare of minority workers.
By contrast, only uniform transfers guarantee that minority welfare is never reduced under the
worker-optimal stable allocation.

In practice, many policies target only a subset of minority workers, for example by providing
subsidies to unemployed workers or to those in specific sectors. Our first result suggests that such
differentiated transfers can reduce minority welfare. Workers receiving smaller or no subsidies lose
bargaining power, which can lead to lower salaries or even job loss. Firms may prefer a subsidized
minority worker over another who is already employed but receives no subsidy. While uniform

transfers prevent these scenarios, they do not allow policymakers to target specific groups. In

2The gross substitutes condition requires that a set of demanded workers remains demanded following an increase
in other workers’ salaries. This assumption is widely adopted for both technical and practical reasons. [Cramton et al.
(2006), Bichler and Goeree| (2017), and [Milgrom (2017) discuss how market design incorporating the gross substitutes
condition is effectively addressed, whereas its absence leads to unavoidable trade-offs, such as between efficiency,
incentives, and complexity properties. Moreover, this condition is particularly relevant for specialized markets, such
as the labor market for gastroenterologists (Niederle and Roth [2003), in situations where resources are relatively
homogeneous (e.g., unskilled labor), when resources are prepackaged to reduce complementarity (Loertscher et al.
2015), and when complementary resources are fixed in the short term (e.g., rental markets for agricultural land that
require specific machinery investments).



particular, they do not guarantee an improvement in minority welfare, which is often the primary
objective of these policies.

Our second main result establishes a sufficient condition under which a subsidy strictly increases
the utility of targeted workers at the worker-optimal stable allocation. This condition requires that
the (weakly) highest subsidy be directed to the firm currently employing the worker. In this case,
the additional surplus generated by the subsidy is fully captured by the worker, without altering
the assignment or reducing the welfare of others. Notably, this policy can also increase the salaries
of non-targeted workers, including majority workers, by alleviating competition among workers.
Implementing such a transfer requires knowledge of the current assignment and awareness that the
market is at the worker-optimal stable allocation, as applying it at the firm-optimal stable allocation
could reduce minority welfare.

Minority groups can be defined along multiple dimensions, including gender, location, or ethnic-
ity. When policies target only a subset of these groups, some minority workers may benefit while
others do not. Our analysis shows that this situation is equivalent to implementing a non-uniform
transfer, which can reduce the welfare of certain minority workers even when a uniform transfer is
introduced. We identify two solutions to mitigate these negative effects. The first is to treat all
minority workers identically through a uniform transfer. The second is to impose a uniform tax
on majority workers, which ensures that the welfare of the rest of the population is not reduced.
However, the effects of such taxes cannot be targeted to specific groups and may benefit workers
who are not members of a minority group. These findings highlight both the importance and the
challenges of designing transfers in labor markets with multiple minority groups.

We have so far focused on transfers that preserve market assignments. However, affirmative
action policies are often designed to increase the representation of minority workers and promote
the employment of unemployed minority workers. To study such interventions, we restrict attention
to the class of additively separable revenue functions, which treat workers individually so that the
revenue from any set equals the sum of the revenues generated by each worker in the set. Within
this framework, we identify transfers that achieve representation goals without reducing minority
welfare. To limit the cost of these policies, we further analyze the substitutability between subsidies
and taxes, showing that a uniform subsidy to minority workers yields the same market allocation
as an equivalent tax on majority workers. These findings have important implications for market

design, which we discuss in Section [6]

Related Literature

A large literature in market design examines the existence of stable assignments, or competitive
equilibria (Kelso and Crawford, 1982), under affirmative action policies. In non-transferable utility
(NTU) markets, these contributions identify the conditions under which stable assignments exist
despite representation constraints such as minimum guarantees (or lower quotas), upper quotas,
and regional quotas (Abdulkadiroglu and Sénmez 2003; Kamada and Kojima 2012, 2015, 2017,
2024, Ehlers et al. 2014; Kominers and Sonmez| 2016; [Sonmez et al.| 2019, among others). In
transferable utility (TU) markets, (Gul et al. (2019)), Kojima et al. (2020), [2024, and Echenique



et al.|(2021) identify conditions under which a competitive equilibrium exists when such constraints
are imposed. While these studies ensure minority representation in firms, they often overlook how
such policies affect the welfare of minority workers. In contrast, our paper investigates the impact of
affirmative action policies on minority workers’ welfare. In addition, we show that, without imposing
quotas, it is possible to incentivize firms to achieve targeted minority representation through the
use of taxes and subsidies. Thus, our paper provides insights into the subsidies required to induce
firms to achieve the desired minority representation in equilibrium.

Despite the similarities between TU and NTU markets, important distinctions exist. While
Ehlers et al.| (2014)) show that imposing floor constraints can lead to an empty set of stable match-
ings in NTU markets, |[Kojima et al.| (2020) demonstrate that, under generalized interval constraints,
the substitutes condition is preserved in TU markets, ensuring the existence of a competitive equilib-
rium. Similarly,|Kojima/|(2012) establishes that it is impossible in NTU markets to design affirmative
action policies that guarantee no harm to minority agents under any stable mechanism. By con-
trast, we show that in TU markets, uniform transfers within groups never reduce the welfare of
minority workers. This distinction is discussed in Appendix The key intuition is that the
continuity of transfers in TU markets allows changes in agent attractiveness to affect both assign-
ments and salaries. A tax or subsidy can alter relative desirability and thereby influence salaries,
even if the assignment itself remains unchanged. In NTU markets, by contrast, welfare depends
solely on the assignment: modifying the desirability of some agents has no effect as long as ordinal
rankings representing preferences remain unchanged. Transfers in TU markets capture the com-
petitive interactions present in the market by accounting for alternative opportunities available to
agents—something not reflected in simple ordinal rankings. To the best of our knowledge, this is
the first paper to show that affirmative action policies can reduce minority welfare in TU markets,
and to identify the precise conditions under which such adverse effects are avoided.

In recent years, affirmative action policies have increasingly aimed not only to reduce unem-
ployment among minority workers but also to raise their salaries and improve their representation
across firms and sectors (Yang and Murali|[2024; |Chen et al.| 2025). These objectives, however, have
received limited attention in the market design literature. Our theoretical analysis contributes to
filling this gap and complements a growing empirical literature on the effects of affirmative action
on both representation and welfare. For instance, |[Bleemer| (2022)) documents that affirmative action
in education may reduce labor market earnings for minorities, while studies such as [Leonard| (1990
and [Coate and Loury| (1993) highlight the limited compliance of firms with employment regulations,
leading to persistent disadvantages for minority workers. In this context, our framework identifies
transfers—implemented through subsidies and taxes—that align firm incentives with affirmative
action goals. Specifically, we design transfers that achieve desired minority representation across
firms, reduce unemployment, and raise minority salaries, while ensuring that the welfare of other
minority workers is not reduced.

This paper proceeds as follows. Section 2 introduces the model. Section 3 investigates transfers
that never reduce the welfare of minority workers under optimal stable allocations. Section 4 exam-
ines the effects of transfers in markets with multiple minority groups. Section 5 explores common

affirmative action policies, their associated costs, and how surplus is distributed. Section 6 discusses



policy implications and highlights potential sources of welfare loss. Appendix [A] provides additional
insights. Appendix [B|details the algorithms underlying the mechanisms discussed. Auxiliary results
are presented in Appendix [C] while all proofs are provided in Appendix D]

2 The Model

There are finite sets W and F' of workers and firms. Agents on both sides of the market derive

value from being matched to agents on the other side. Let o, y € R denote the value that worker

w obtains when employed by firm f. Each worker can be employed by at most one firm. For each

firm f € F, we define a revenue function Ry : 2" 5 R, which maps a subset of workers to the

revenue of firm f if it hires them. Let R = (Ry) rer denotes the profile of firms’ revenue functions.
We assume that for each W' C W, worker w € W\ W' and firm f,

Ry(W' U{w}) + 0w.s — R (W) > 0F

We normalize the value that unemployed workers derive to zero, o, & = 0, and for any subset
W' C W, Ry(W') =0, where @ denotes the null firm representing unemployment for workers. All
workers have the option of remaining unemployed.

In markets, we allow for utility transfers between firms and workers, which we refer to as salaries.
Let s, € R denote the salary received by worker w € W when working for firm f € F U {@}.
Since each worker can be employed by at most one firm, we can represent salaries as a wvector of
salaries s. We assume that unemployed workers receive a salary of zero, s, z = 0, and that workers
are indifferent to which other workers firms hire.

Each worker’s utility function is strictly increasing and continuous in the salaries. Let wy,(f, Sw,f) €
R be the utility function of worker w when working for firm f at salary s, f, such that w,(f, sy ) =
Ow,f+5uw,f- Consequently, Uy (f, —0w, f) = 0and —oy, ¢ is the lowest salary at which worker w would
consider working for firm f

A policymaker regulates the market using transfers, which represent subsidies or tazes. A
transfer is a matrix T = (i, f)wew,fer, Where each element ¢, ; € R represents the transfer for
worker w when employed by firm f. If ¢, y < 0, we say that T tazes worker w at f by ¢, r, and
if t,,,f > 0 we say that T subsidizes worker w at f by t,, r. A null transfer is denoted by Tq such
that for each worker w and each firm f, t,, y = 0. Let T be the set of all possible transfers.

If a firm f hires a subset of workers W/ C W while facing a vector of salaries s, a transfer T,

and a revenue function Ry, its profit is given by

Vf(W/;S, Rf,T) = Rf(W/) — Z Sw,f + Z L, fs
weWw’ weWw’

3This restriction, ensuring that workers’ marginal product is non-negative, is natural and is discussed by [Kelso
and Crawford (1982).

“In our model, salaries can be negative. This occurs when o is positive, meaning that the worker derives positive
utility from working. In practice, this situation arises in the context of on-the-job training, where workers pay (or
accept negative salaries) in exchange for acquiring skills that will increase their future employability.



that is, the firm’s revenue minus salaries of workers it hires and the transfers received by the ﬁrm
We define the mazimal profit function as II¢(-; Ry, T) and the demand by Dy(-; Ry, T) such that

for each vector of salaries s,

f(s; Re, T) = max{V;(W';s, R, T) : W C W}
Dy¢(s; Ry, T) ={W' C W : Vy(W';s,Rs, T) = g(s; Ry, T) }.

Each element of Dy(s; Ry, T) is referred to as a demand set.
The gross substitutes condition, introduced by |[Kelso and Crawford| (1982), ensures that if a

worker’s salary increases, firms retain their demand for workers whose salaries remain unchanged.

Definition 1. (Gross Substitutes). A demand D¢(-; Ry, T) satisfies the gross substitutes condition
if, for any two vectors of salaries s and s, and for all W’ € Dy(s; Ry, T), if s’ > s and s, = s,
then w € W/, there exists W € D¢(s’; Ry, T) such that w € W”.

A market is denoted by G = (W, F, R, T,s). Let G be the set of all possible markets. As W, F
and R are fixed throughout, and s is determined by R, we write G = (T) for simplicity. We assume
that in all markets, firms’ demands satisfy the gross substitutes condition.

An assignment is a mapping (or correspondence) p: WU F = W U F U {@} satisfying:

« ww) e FU{a},

e Forany we W and f € F, u(w) = f if and only if w € u(f), and

« u(f)SW.

We use the notation p(w) = @ to indicate that worker w is unemployed at p. Given an assignment
w and a vector of salaries s we define an allocation as a pair (u,s). With a slight abuse of notation,
we write uy (i, 8) for wy (u(w), sy uw)), and Vi(u;s, Ry, T) for Vi(u(f);s, Ry, T).

An allocation (p,s) is individually rational if for each firm f € F, Vi(u;s, Ry, T) > 0 and for each
worker w € W, u,,(pt,8) > 0. We now introduce the definition of stability.

Definition 2. (Stable Allocation). An allocation (u,s) is stable if it is individually rational, and
there is no firm-worker set W/ U {f}, with W’ C W, and vector of salaries s, that block (u,s) such
that:

o Uy(f, 8, 1) > uw(p,s), for each w € W', and

o Vi(W';s', Ry, T) > Vi(w;s, Ry, T)
with strict inequality holding for at least one member of W’ U {f}.

We define stable allocation optimality in markets where firms’ demands satisfy the gross sub-
stitutes condition. In such markets, there exists a stable allocation unanimously preferred by all
firms, and another unanimously preferred by all workers. Without transfers, we denote the worker-

optimal stable allocation as (uw,sw) and the firm-optimal stable allocation as (uF,sF)ﬁ With a

5Subsidies and taxes are typically determined based on the firm’s workforce. By adding the transfer to the profit,
we assume the transfer is an additively separable function. [Kojima et al.|(2024) provides further discussion on transfers
that preserve the substitutability condition.

SThe existence of these allocations in the context of job markets has been extensively studied by [Kelso and
Crawford| (1982), [Roth (1984), |[Roth (1985), Demange and Gale (1985), |Gul and Stacchetti| (1999), Hatfield and
Milgrom (2005) among others.



non-null transfer T, we denote the corresponding worker-optimal stable allocation by (,u;fv, SVTV) and
the firm-optimal stable allocation by (uT,sE).

A mechanism ¢ maps each market G € G to an allocation. The worker-optimal stable mechanism
W assigns to each market its worker-optimal stable allocation, @y (T) = (M’x;va S%;/), while the firm-
optimal stable mechanism g assigns the firm-optimal stable allocation, pp(T) = (4T, sh).

In this paper, we study the impact of affirmative action on groups of the population Mathe-
matically, we fix a partition of W, denoted by P C 2V \ @, where Upep P =W, and PN P’ = () for
P # P'. Each element of P is a group. Unless otherwise stated, we restrict the partition P to two
groups: m, representing minority workers, and M, representing majority workers. In Section [4, we
extend the analysis to partitions with more than two groups. A transfer T tazes majority workers
ift,,p <Oforallwe W and f € F, and t,, f < 0 only if w € M. Similarly, a transfer T subsidizes
minority workers if t,, y > 0 for allw € W and f € F', and t,, y > 0 only if w € m A transfer tazes
magority and subsidizes minority workers if t,, y < 0 only if w € M, and t,, f > 0 only if w € m.

Affirmative action policies aim to favor certain groups. A natural requirement is that a transfer
should not reduce the welfare of minority workers. A transfer T does not reduce the welfare of
minority workers under ¢ if, for a market G = (Tg) where o(Tg) = (i, s) and o(T) = (uT,sT)

the following condition holds for each w € m:

o uy(pT,sT) > uw(p,s).
A transfer T reduces the welfare of minority workers under ¢ if this condition is violatedﬂ A
transfer T never reduces the welfare of minority workers under ¢ if this condition holds for all

markets G € G; otherwise, T may reduce the welfare of minority workers.

3 Uniform Transfers and Minority Workers Welfare

In this section, we examine the impact of commonly used targeted transfers. Using an example, we

illustrate the potential adverse effects such transfers may have on minority workers.

Example 1. Consider a market consisting of three firms, F' = {f1, fo, f3} and three workers,
W = {wy,we,w3}. For simplicity, assume that for each worker w € W and each firm f € F,
ow,f = 0, also, for each W C W, Ry(W') = maxweW/(Rf({w})) Revenue functions are provided
in Table |1} while optimal stable allocations are detailed in Table

Let the partition of workers P be defined as m = {wq, w3} and M = {w;}. Suppose the
policymaker’s objective is to increase the representation of minority workers at firm f1 To achieve

this objective, the policymaker introduces a subsidy of 2 for each minority worker at f;; that is, T

TA group of workers may be defined based on factors such as gender, ethnicity, qualifications, location, educational
background, or any other combination of individual characteristics.

8Throughout the paper, we implicitly assume that minority (majority) workers are never taxed (subsidized).

9This can be seen as a weak Pareto improvement for minority workers. More specific objectives are discussed in
Section

10These revenue functions belong to a special class known as unit-demand revenue functions, which satisfy the
gross substitutes condition.

1Such transfers may be implemented by policymakers to support specific sectors of the market with the aim of
enhancing minority representation.



Firms w; ws w3
fi ) 4 0
fo 1 5 0
f3 ) 0 3

Table 1: Revenue functions.

S J2 I3 A £ f3
w1 wo w3 w1 w2 w3
Sw;, =2 | Swy =11 8wy =0 Sw, =5 | Swy =9 | Swy =3

Table 2: Firm-optimal and worker-optimal stable allocations.

is defined by t., f, = 2, tws,z, = 2, and zero for all other elements. The resulting worker-optimal
stable allocation is given in Table

Al s
w1
Sw, =4

w2
Swy =9

w3
Sz = 2

Table 3: Worker-optimal stable allocation with a subsidy of 2 at fj.

The assignment is not modified, and w3’s salary decreases. The intuition is that, by subsidizing
wo at firm fq, firm f; is willing to offer a higher salary to wso, which intensifies competition between
wy and wy. As a result, wy considers other firms, in particular f3, which intensifies competition
with worker w3 and reduces ws’s salary.

Now suppose that the policymaker aims to increase the salary of ws at firm f3 by granting a
subsidy such that t,, r, = 2 and zero for all other elements. The resulting firm-optimal stable

allocation is given in Table

A | R | fs ]
w1 w9 ws
S, =0 | Sy =0 | sy =0

Table 4: Firm-optimal stable allocation with a subsidy of 2 for worker ws at firm fs.

Before the introduction of the subsidy, firms f; and f3 competed for worker wi, which led to an
increase in the salary of ws, the worker generating the highest surplus for f; after w;. Following
the subsidy to ws at fs, the firm becomes indifferent between employing w; and ws. This reduces
the competition between f; and f3 for worker wy, thereby lowering ws’s salary. Hence, directing
subsidies to minority workers at specific firms can generate unintended adverse effects on other
minority workers, both at the worker-optimal and firm-optimal stable allocations.

Another common instrument in affirmative action policies is the implementation of taxes. These

taxes are designed to penalize firms that fail to meet government-imposed representation require-



ments. Firms may receive tax abatements for employing a minimum number of minority workers.
In this context, imposing a tax is analogous to reducing the abatement. The key distinction be-
tween taxes and subsidies lies in the range of possible amounts. While there may be no mathe-
matical distinction, from an economic perspective, it is important to limit the amount of the tax.
If the tax exceeds the surplus generated by a worker at a firm, the firm will never employ that
worker. Therefore, throughout this paper, it is assumed that, for each worker w and each firm f,
Ry({w}) + 0ug + tung = 0.

We now illustrate the difference between taxes and subsidies. Consider the market presented in

Table |1, and suppose a tax of one is imposed on worker wy at firm fq, that is, ¢,,, , = —1, with all
other elements equal to zero. The resulting optimal stable allocations are given in Table
A ] A
w1 w2 w3 w1 w2 w3
Sw, =2 | Swy =2 | Swy =0 S, =4 | Sy =0 | Swy =2

Table 5: Firm-optimal and worker-optimal stable allocations with a tax of 1 at fj.

For the worker-optimal stable allocation, the effect mirrors that shown in Table |3} by imposing a
tax on worker wy at firm f7, worker wy aiming to maximize the salary competes for firm f3, thereby
intensifying the competition with worker ws. In contrast, at the firm-optimal stable allocation,
salaries are not reduced. Intuitively, under the worker-optimal stable allocation, workers compete
to maximize their own salaries, whereas under the firm-optimal stable allocation, firms compete
to maximize their profits. By taxing majority workers, minority workers become relatively more
attractive, prompting firms to offer them higher salaries. This example shows that transfers may
alter workers’ welfare in an allocation, even if the transfers do not directly concern those workers.

The following proposition formalizes that taxing majority workers can reduce the welfare of

minority workers under y, but never under ¢p.

Proposition 1. A transfer T that taxes majority workers may reduce the welfare of minority

workers under ¢y and never reduce the welfare of minority workers under ¢p.
Proof. See Appendix [ |

Although taxes do not reduce the welfare of minority workers under the firm-optimal stable
allocation, they may do so under the worker-optimal stable allocation. Our first main theorem
establishes that uniform transfers form the entire class of transfers that never reduce the welfare
of minority workers under ¢r and ¢y . A transfer T is uniform if there exist constants ¢t > 0 and

t" < 0 such that for each w € m and each f € F, t,, s = t, and for each w’ € M and each f € F,
tur f = 1.

Theorem 1. A transfer T never reduces the welfare of minority workers under ¢ and ¢y if and

only if T is uniform.

Proof. See Section |



The policy implication of Theorem [1]is that if a transfer—be it a tax or a subsidy—is imple-
mented to target a specific worker, subset of workers, firm, or sector, then it must be introduced
uniformly across all minority workers and all firms in order to prevent a reduction in welfare.

Whereas any tax on majority workers prevents a reduction in the welfare of minority workers
at the firm-optimal stable allocation, the following corollary of Theorem [1| establishes that only
uniform transfers prevent a decrease in the welfare of minority workers at the worker-optimal stable

allocation.

Corollary 1. A transfer T never reduces the welfare of minority workers under ¢y if and only if

T is uniform.

These results highlight an important difference with markets without transferable utility. [Kojima
(2012) shows, in the school choice setting, that affirmative action policies can reduce the welfare
of minority students in any stable mechanism. In particular, he considers increasing students’
priorities as a policy instrument. In the context of our model, increasing a minority worker’s
priority corresponds to providing a subsidy at a firm. This difference arises due to the continuity
of salaries: in school choice, raising a student’s priority modifies the ordinal ranking of schools; if
the ranking is unchanged, the resulting assignment remains the same. By contrast, in markets with
transferable utility, subsidizing a worker may not change the ordinal ranking of firms, yet still alter

the allocation. This point is discussed in more detail in Appendix

Example (1| (Continued). Consider a uniform transfer T that taxes the majority worker by 1.

The resulting optimal stable allocations for this market are as follows:

A ] S f3
w1 wa w3 w1 w2 w3
Sw, =1 | Swy =11 8wy =0 Sw, =4 | Swy =5 | Swy =3

Table 6: Firm-optimal and worker-optimal stable allocations with a uniform transfer.

Table[6]illustrates that uniform transfers prevent any reduction in the welfare of minority workers
at both the firm-optimal and worker-optimal stable allocations. While these transfers may increase
competition among workers, their uniform application across firms neutralizes potential negative
effects by providing equal treatment to all minority workers. However, they do not guarantee any
improvement. As shown in Table [6] the welfare of minority workers remains unchanged. Our
next theorem establishes a sufficient condition on transfers that ensures a welfare gain for minority

workers at the worker-optimal stable allocation.

Theorem 2. Consider a market G € G. If T subsidizes minority workers and satisfies t,, ., (w) =

max e (ty,¢) for each w € m, then pyw = pis-, and for each w € W,
uw(ur‘}[‘/, S%{/) > uw(uw, Sw) + tw,uw(w)‘
Proof. See Appendix |

10



Theorem [2| demonstrates that, given knowledge of the worker-optimal stable allocation, it is
possible to design transfers that raise minority workers’ salaries without altering the assignment.
The key insight is that, because each minority worker receives the highest subsidy at their current
employer, no worker has an incentive to consider employment at another firm. As a result, competi-
tion is not intensified, and the entire surplus generated by the subsidy is captured by the Workers
Moreover, the welfare of all workers—both minority and majority—is weakly improved However,
the transfers described in Theorem |2| may reduce the welfare of minority workers under ¢, as
shown in Table [4) where only ws receives a subsidy at fs.

The design of transfer policies critically depends on the information available to the policy-
maker. When the mechanism implementing the equilibrium is unknown, uniform transfers are the
only class of transfers that guarantee minority workers are not adversely affected under both the
worker-optimal and firm-optimal stable allocations. If the policymaker observes that the market
operates under the firm-optimal stable allocation, then any tax on majority workers—regardless
of its structure—preserves the welfare of minority workers. However, such taxes may fail to im-
prove minority outcomes. In contrast, if the equilibrium corresponds to the worker-optimal stable
allocation, Theorem [2| provides a sufficient condition under which targeted subsidies raise minority
salaries without reducing the welfare of majority workers. This result is particularly relevant in
practice, as minority workers frequently earn lower salaries By allowing subsidies to vary across
workers, this approach enables targeted interventions—such as sector-specific salary policies—that

can improve welfare without changing the assignment

4 Affirmative Action with More than Two Groups

In this section, we relax the restrictions on the number of groups. In practice, populations may
consist of more than two groups, with several of them classified as minority groups. An interpretation
of Section [3| is that we considered the union of all minority groups and the union of all non-
minority groups. While such aggregate treatment is analytically convenient, policymakers may
seek to implement group-specific interventions. We therefore generalize the framework to examine
transfer policies that differentiate between groups, considering a partition P of the workers.

We extend the definitions for minority workers to any group P. A transfer T does not reduce the
welfare of group P under ¢ if, for a market G = (Tg) where (To) = (u1,s) and ¢(T) = (uT,sT),
the following condition holds for each w € P:

o uy(pT,8T) > uy(p,s).

A transfer T reduces the welfare of group P under ¢ if this condition is violated. A transfer T never

reduces the welfare of group P under ¢ if this condition holds for all markets G € G; otherwise,

12Theorem degenerates into Theorem When transfers uniformly subsidize all minority workers. In this case, the
condition in Theorem [2|is trivially satisfied, and the result reduces to that of Theorem

13The increase in workers’ utility may strictly exceed the amount of the transfer due to the potential reduction in
competition resulting from the subsidy.

4 The empirical literature documenting salary disparities faced by minority workers is too extensive to cite ex-
haustively. See, for instance, Derenoncourt and Montialoux| (2021), who document these disparities and analyze the
impact of minimum salary policies on minority workers’ welfare.

15 A sector-specific minimum salary can be interpreted as a direct application of Theorem
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T may reduce the welfare of group P. A transfer T uniformly subsidizes (taxes) group P if there
exists ¢t > 0 (¢ < 0) such that, for each w € P and each f € F, t,, y =t, and for each w’ € W'\ P,
twr s = 0.

Our previous results highlight the importance of implementing uniform transfers to avoid a
reduction in welfare. In particular, if a transfer does not subsidize each group uniformly, it may

adversely affect some groups under both ¢y and @p.

Corollary 2. A transfer T that uniformly subsidizes group P may reduce the welfare of group P’
under oy and pp with P’ € P\ {P}.

Theorem [I] and Corollary [2] demonstrate that all minority groups must be subsidized uniformly
to avoid welfare losses. If one group receives larger subsidies than another, the latter may experience
reductions in welfare.

The following corollary complements the characterization in Theorem [1| by showing that if a

transfer uniformly taxes one group, it never reduces the welfare of any other group.

Corollary 3. A transfer T that uniformly taxes group P, never reduces the welfare of group P’
under oy and pp with P’ € P\ {P}.

Corollary |3| shows that, in the presence of multiple minority groups, uniform taxation of one
group prevents welfare losses for the others. As established in Theorem (1| uniform transfers that
tax majority workers do not reduce the welfare of minority workers. While uniform taxation is a
sufficient condition for avoiding welfare reductions across groups, it is not the only class of transfers
with this property. For example, a transfer that uniformly subsidizes all groups in P \ P by the
same amount also avoids welfare reductions. Together, these results highlight the importance of
transfer design when the worker population consists of several groups, including multiple minority

groups.

5 Affirmative Action Policies

This section examines two common objectives of affirmative action policies: decreasing the segrega-
tion of minority workers across firms or sectors and reducing unemployment. We restrict attention
to a setting with two groups—a majority and a minority. Since firms face no capacity constraints
and every employed worker has a positive marginal product, there always exists a competitive equi-
librium in which all workers are employed To introduce unemployment, we impose firm capacity
constraints and assume an excess supply of workers: each firm f € F has a capacity gy € N, and
W >3 terar Let d = (qr)rer denote the capacity vector. The null firm has capacity gz = [W],
so all workers can remain unemployed.

To guarantee existence of worker-optimal stable allocations under capacity constraints, we as-

sume, in this section, that firm revenue functions are additively separable, that is, for any subset of

16 A firm is indifferent between employing a worker or not when the worker’s marginal product is zero. Unemploy-
ment can therefore only arise if a tax renders a worker’s marginal product strictly negative.
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workers W' C W, the revenue function satisfies Rf(W') = > cy R f({w}) Since firms’ revenue
functions are additively separable, we simplify notation by writing Ry(w) instead of Ry({w}).

We define a market with capacities as G = (W, F, R, T,s,q). Let G be the class of such markets
where all Ry are additively separable. Since W, F', R, and q are fixed, and s is determined by R,

we write G = (T). Firm capacities modify profit and demand functions as follows:

s(s; R, T, qr) = max{V(W';s, Ry, T) : W C W,|W'| < gy},
Dy(s; Ry, T,qp) = {W' C W : |W'| < gy and Vy(W';s, Ry, T) =1ls(s; Ry, T, qf) }-

An assignment with capacities is a mapping (or correspondence) u: W x F = W x F U {&}
satisfying:

. p(w) e FU{a},

e Forany we W and f € F, pu(w) = f if and only if w € u(f),

o p(f) c W and |u(f)] < gy
The definition of stability extends naturally to assignments with capacities by requiring that any
blocking coalition respects the firm’s capacity constraint.

When revenue functions are additively separable and firms face capacity constraints, firm de-
mand continues to satisfy the gross substitutes condition. Consequently, the results from the pre-
vious sections extend to markets with capacities

With the possibility of unemployment, workers compete for positions within firms. Unemployed
workers are willing to work at their reservation salary, i.e., —oy, . Subsidizing these workers in-
creases their attractiveness to firms, which can reduce the welfare of already employed workers
without necessarily inducing the hiring of unemployed workers. The following example illustrates
this effect.

Example 2. Consider a market with capacities consisting of two firms, F = {f1, fo} and five
workers, W = {wi,ws, w3, ws,ws}. Each firm f € F has capacity ¢ = 2, and for each worker
w € W,0,,; = 0. Table [7| presents the revenue functions, and Table [S8| shows the firm-optimal and

worker-optimal stable allocations.

Firms w; wy w3 w4 ws
fi 8 7 5 4 2
fo 3 6 8 ) 3

Table 7: Revenue functions.

Suppose that the partition of workers P is defined as m = {wi,wq, w5} and M = {ws, w4},

where ws is an unemployed minority worker. To reduce minority unemployment, the policymaker

1"Without additive separability, the structure of the market may become asymmetric, and the set of stable alloca-
tions may fail to form a complete lattice (see Roth,|1984). This assumption has been widely discussed in the literature;
see, |Crawford and Knoer| (1981), Demange and Gale (1985), Sotomayor| (1999), Kojima et al. (2024)), among others.
This assumption is naturally satisfied in many practical settings, such as unskilled or specialized labor markets.

BExample |1|is equivalent to a market with capacities by assigning a capacity of one to each firm. To satisfy the
assumption of excess labor supply, workers with zero marginal product for each firm can be added.
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Bl

f2

w1, W2
S, = 0,8y, =1

w3, Wq
Swz = 0,84, =0

implements a subsidy: %, r,

f1

fo

w1, W2
Sw, = 6,84, =D

w3, Wq
Swz = O, 8y, = 2

Table 8: Firm-optimal and worker-optimal stable allocations.

resulting optimal stable allocations are shown in Table [9]

|

N

|

f2

|

w1, W2
Sw, = 0,8y, =1

w3, Wy
Swy = 0,84, =0

= tus,f, = 1, with all other elements of T equal to zero The

|

S

fo

w1, W2
Sy, = 0,8y, =4

w3, Wy
Sy =4, 8y, =1

Table 9: Firm-optimal and worker-optimal stable allocations.

Table [0] illustrates that subsidizing unemployed minority workers can intensify market compe-
tition, thereby reducing the welfare of employed minority workers. To design transfers that do not
reduce the welfare of minority workers, we distinguish between employed and unemployed workers
within the minority group.

Given a market with capacities G € G and a worker-optimal stable allocation (uw,sw), let

mg={wem:uyw)#o}t and my={wem:puy(w)=0o},
denote the sets of employed and unemployed minority workers, respectively. Throughout, we refer
to the assignment from the worker-optimal stable allocation. Since all stable allocations share the
same assignment, this choice does not affect the deﬁnitionm

When a transfer T is introduced, we define

mt={wem: put(w)#2} and mE={wem: L (w)=0a},
as the sets of employed and unemployed minority workers under the resulting stable allocation.

The following proposition provides a sufficient condition on transfers that guarantees no reduc-

tion in the welfare of minority workers under the worker-optimal stable allocation.

Proposition 2. Consider a market with capacities G € G. Suppose a transfer T subsidizes minority
workers and satisfies, for each w € mpg,

ot =maxXscp(ty,r), and

w,pw (w)
* ZL/'w,uw(w) > man’EmU,f’EF(tw’,f’)-
Then, T does not reduce the welfare of minority workers under ¢y .

19Guch targeted subsidies are commonly used to support the employment of disadvantaged groups.

20When firms face capacity constraints and revenue functions are additively separable, [Sotomayor| (1999) shows
that all stable allocations share the same assignment, except in cases where two workers generate exactly the same
surplus at a firm and only one can be employed. In such cases, the assignments differ only by interchanging the
positions of these two workers, while all other assignments remain identical.
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Proof. See Section [D.5 [ |

Proposition [2|states that when subsidies are granted to unemployed workers, employed minority
workers must receive a corresponding compensation to prevent a reduction in welfare under the
worker-optimal stable allocation. As illustrated by Example 2] providing subsidies to unemployed
workers increases their desirability for firms, which can lead firms to offer lower salaries or reassign
positions, thereby reducing the welfare of employed minority workers. Granting the corresponding
compensation to the firm employing a given worker ensures that the worker’s utility is preserved,
as formalized in Theorem [2|

The policy implication of Proposition [2|is that subsidies targeting unemployed minority workers
must be complemented by equivalent transfers for employed minority workers. In practice, however,
many affirmative action policies are directed exclusively at the unemployed, without accounting
for potential welfare losses among employed workers. We discuss these policies in more detail in
Section [6]

5.1 Increasing the Representation of Minority Workers in a Firm

In this section, we explore transfers that increase the representation of minority workers in a firm.
A transfer T increases the representation of minority workers in firm f under ¢ if, given a market
with capacities G = (Tg) where ¢(To) = (i,s) and ¢(T) = (uT,sT), the following two conditions
hold:

(i) a7 = [WT(f) Aml > u(f) N ml, and

(i) (u(f)Nm)C (W (f)Nm).
Condition (i) ensures that at least one additional minority worker is hired by firm f E Condition
(ii) guarantees that no previously employed minority workers lose their job. Together, these imply
that the increased representation of minority workers necessarily comes at the expense of majority
workers employed by f prior to the transfer.

For simplicity and without loss of generality, we consider a single minority worker targeted for
employment at a firm, displacing a majority worker. The displaced majority worker is the one who
contributes the least profit to the firm under the firm-optimal stable allocation Let w,, and wys
denote the minority and majority workers, respectively, with pup(wy,) # f and prp(wy) = f, and
let

wy €arg _min B (@) = spw.p),

be a majority worker contributing the least profit to firm f. For w,, to be hired by firm f instead
of wys, the minority worker w,, must generate a higher profit at f than wj;. In addition, the firm

currently employing w,, may have alternative hiring options, which we assume to be the set of

2!The reference to firm capacity in condition (i) ensures that firm f must initially employ majority workers who
can be replaced.

22Under the worker-optimal stable allocation, all workers employed at a given firm generate the same profit (see
Lemma. We therefore rely on the firm-optimal stable allocation to differentiate among workers. If multiple majority
workers generate the same lowest profit at f, the reasoning remains valid: any one of these workers can be substituted
by w., in a stable allocation without affecting the results.
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unemployed workers Wy = {w € W : uw(w) = @}. We define t,,,, ¢ as the subsidy required for
W, to be hired by firm f. It is given by:

Compensation to firm f for the substitution of wy; by wm,

twm—sf = (By(wnr) = SFwy,f) — (Bp(Wm) + Owp f — Uy, (F5SF)) +

— — ! / — / .
Ry (wm) (W) + O pip (wm) — W (W SF) e Ur?%})\{wm}(RuF(wm(w)+0w s (wm) — U (LF5SF))

Compensation to the current employer of wp,

The required subsidy depends on the revenue functions of both firm f and u F(wm)F_gI The first
term ensures that firm f is willing to substitute wjys with w,, by covering the difference in profits.
The second term compensates w;,’s current employer, ensuring it cannot outbid firm f by offering
a higher salary&] If w,, is unemployed, this second term is zero, as no compensation is needed to

retain the worker in the current position.

Example |z (Continued). Suppose the set of minority workers is given by m = wy, w4, and that
the policymaker aims to increase the representation of minority workers at firm f; by ensuring the
employment of ws. The required subsidy is t,, ., = 2. Let T be a transfer such that ¢, = 2,

with all other elements of T equal to zero. The resulting optimal stable allocations are:

| fi \ f2 | | N1 \ f2 \
w1, Wy w2, W3 w1, W4 w2, W3
Sw, = 0,80, =0 | Sy =1,84;, =0 Sw, = 4,80, =2 | Sy = 3,503 =0

Table 10: Firm-optimal worker-optimal stable allocations with a subsidy of 2 for w4 at fi.

Although wy is now employed by firm fi, the salary of the minority worker w; has decreased.
This example illustrates that such a transfer can reduce the welfare of minority workers already
employed at firm f under the worker-optimal stable allocation.

The following theorem provides a sufficient condition on transfers for a given market with ca-
pacities to increase the representation of minority workers in a firm and to prevent a reduction in

the welfare of minority workers at the worker-optimal stable allocation.

Theorem 3. Consider a market with capacities G € G. Suppose a transfer T subsidizes minority
workers and satisfies the following conditions:

o For each w € mp \ {wn} such that uw (w) # f, tw uy (w) = Maxper(tu ) = twy, -1

o For each w € mg such that pw (w) = f, tw,y > maxpep (£} (tw,f) + twpn— s

 For each w’ € W\ (mg U {wy,}) and each ' € F, t,y p» =0, and

o Foreach f' € F\{f}, tw,..;r =0, and ty,, f > tu,,—f-

23Claim shows that t.,,— s enables wy, to generate (weakly) higher profit at firm f than wys at the firm-optimal
stable allocation.

24We assume that the best alternative for the firm ur(wm) is either an unemployed worker or was. There may
exist an employed worker who constitutes a better alternative; however, this does not affect our results, since t.,,
is larger when defined with respect to the unemployed worker than with the best employed alternative.
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Then, T does not reduce the welfare of minority workers under ¢y and increases the representation

of minority workers in firm f under both ¢y and ¢pg.

Proof. See Section |

In contrast to the salary increases discussed in Theorem [2] modifying the assignment of minority
workers requires a non-uniform transfer targeted specifically at the minority workers employed by
firm f. Theorem [3] establishes that these workers must receive a subsidy at firm f that is at least
tw,,— s higher than any subsidy they would receive at other firms. This condition ensures that the
workers remain employed at f and that the transfer does not reduce their welfare under @y .

For minority workers who are employed but not by f, their highest subsidy must be provided
by their current employer, and it must be at least ¢,,,,f, as presented in Proposition While
Wy, 18 chosen arbitrarily, it is possible that other minority workers could, in principle, be hired by
firm f with lower subsidies. However, by the construction of T, even if such workers exist, they
remain employed at their original firm. In the proof of Theorem |3 we apply the same argument as
in Theorem [2] showing that the assignment remains unchanged. Consequently, only w,, is newly
recruited by firm f.

The proof of Theorem |3| proceeds by decomposing the transfer T into a sum of transfers
(Lemma [1, Appendix . The first transfer subsidizes all employed minority workers other than
W, according to the amounts they receive under T. By Theorem [2, this transfer increases the
salaries of those workers. We then introduce a transfer that subsidizes w,, by t,,,—s. Lemma
(Appendix [C)) implies that, as a consequence of this transfer, the utility of any worker can decrease
by at most t,,,, . r. Since their previous utility gains exceeded t,,,,, r, the welfare of minority workers
is not reduced. The remaining subsidy for w,, at f is then introduced, allowing w,, to be recruited
by f and being subsidized by ., t — tw,,—f. This, following Theorem [2, results in an increase in
wp,’s salary by at least that amount, without reducing the salaries of other workers. However, as
in Theorem [2, the transfers considered in Theorem [3| may reduce the welfare of minority workers
under pp 2|

Proposition [3] complements Theorem [3] by identifying a sufficient condition for increasing the
representation of minority workers in firm f, without imposing any restrictions on the welfare of
minority workers. Specifically, only the positions of the minority workers employed at firm f must

be maintained, and some minority workers may experience a reduction in their welfare.

Proposition 3. Consider a market with capacities G € G. Suppose a transfer T subsidizes minority
workers and satisfies the following conditions:
o For each w € mp such that pw (w) = f, ty, 5 > max(0, Re(wnr) — Spwy,,f — (Rf(w) — Spw,f)),
o For each w’ € W\ (mg N (up(f) U{wn})), and each ' € F, t,y y» =0, and
o For each f' € F\{f}, tw,.;r =0, and ty,, f > tw,,—f-

Then, T increases the representation of minority workers in firm f under both pu and ¢f.

Proof. See Section u

2In Example [2} let m = {w2,ws}, and suppose the objective is to ensure that ws is employed by firm fo. Then
tws— s, = 2. Consider a transfer T with tw,,f, = 2, tws, s, = 3, and 0 for other elements, which satisfies the conditions
identified in Theorem |3l Under (uF,sr), the salary of ws is 0.
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For their positions at firm f to be maintained, minority workers already employed by f must
generate a profit higher than that of wys. The class of transfers identified in Proposition [3]achieves
this by subsidizing each worker by at least 0 if the profit they generate at f already exceeds that

generated by wjs, and by the difference otherwise.

5.2 Reducing Unemployment Among Minority Workers

In this section, we consider a policy aimed at reducing unemployment among minority workers. A
transfer T promotes the employment of minority workers under ¢ if, for a market with capacities
G = (To), where o(To) = (u,s) and o(T) = (uT,sT), the following two conditions hold:
(i) [mE| > [mp|, and
(ii) mp C mE.
Condition (i) ensures that at least one additional minority worker is employed, while condition
(ii) guarantees that currently employed minority workers retain their employment. Together, these
conditions imply that the increase in minority employment occurs at the expense of majority workers.
In defining the objectives in this section, two distinctions arise between promoting the employ-
ment of minority workers and increasing their representation at a specific firm. First, under the
former, minority workers who are already employed may be reassigned to another firm, provided
they remain employed after the transfer, whereas under the latter they must remain employed by
the same firm. Second, the former requires that unemployed minority workers obtain employment
with some firm, without specifying which one, while the latter requires an increase in representation
at a given firm. Hence, the two objectives are independent.
As in the previous section, and without loss of generality, we consider a single unemployed
minority worker displacing a majority worker at a firm. Let w,, € my denote the targeted minority
worker. The firm f* is chosen to minimize the required subsidy to implement this substitution.

Specifically,

* € arg min min Re(w) — spyw ¢t — Re(wy,) — oy .
! gfeF <weMF(f)r‘|M( 5 (w) Fu,f s (wm) J))

Let wps be a majority worker at firm f* who yields the lowest profit to the firm, i.e., wy; €
arg minweﬂF(f*)(Rf* (U}) — SF'w,f*)'
We define t,,—sm,, as the subsidy required for worker wy, to be hired by firm f* given by:

twm—mp = R (Wnr) + 0wy 1o — (Bps (Win) + 0w,y )

As discussed in the previous section, since wy, is unemployed, no firm is concerned with maintaining
their position by offering a higher salary. Therefore, only the firm f* must be compensated to
implement the substitution of w,, for wy,.

The following theorem identifies a sufficient condition on transfers, in a market with capacities,
that ensures both the promotion of minority worker employment and the preservation of minority

worker welfare at the worker-optimal stable allocation.

26We prove that ty,, —mp is sufficient to guarantee that wy, is employed in the proof of Proposition
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Theorem 4. Consider a market with capacities G € G. Suppose a transfer T subsidizes minority
workers and satisfies the following conditions:

e For each w € mp, ty 1y, (w) = MaXfer(tu,f) = tw,—smp,

o For each w’ € W\ (mg U {wy,}) and each f € F, t,y s =0, and

o Foreach f e F\{f"}, tw,.r =0, and ty,, r+ > tw,—mp-
Then, T does not reduce the welfare of minority workers under ¢y and promotes the employment

of minority workers under both ¢y and pp.

Proof. See Section |

Theorem [4] establishes that transfers in which each minority worker receives the highest subsidy
at the firm that employs them, exceeding t,,, —sm, While w,, receives a subsidy of at least ¢, —sm
at f*, and all other workers receive no subsidy, do not reduce the welfare of minority workers under
pw. Moreover, these transfers promote the employment of minority workers under both ¢ and
SOW

For employed minority workers, the requirement that the largest subsidy be granted by their
current employer follows directly from Theorem The proof proceeds analogously to that of
Theorem (3] decomposing the transfer. In particular, the salaries of employed minority workers
decrease by at most ¢y, »m; by providing a higher subsidy, the transfer ensures that their welfare
is not reduced. While the transfers identified in Theorem |3|are non-uniform—subsidizing employed
minority workers at firm f differently—some transfers identified in Theorem [4| are uniform. This
distinction highlights that a uniform transfer, which subsidizes minority workers, and is at least
twm—mp, does not reduce the welfare of minority workers and promotes the employment of minority
workers under both ¢y and ¢p.

However, if the subsidy equals exactly ¢, —smp, the utility of the minority worker w,, is zero in
all competitive equilibria when the transfer is implemented. As shown in Theorem [2| once employed,
wy,’s salary can be increased without reducing the welfare of other workers. If the subsidy strictly
exceeds t,, —smy, then, in addition to promoting the employment of w,,, the worker’s salary can be
increased, thereby guaranteeing a minimum salary.

The policymaker may aim to reduce unemployment without imposing restrictions on the welfare
of employed minority workers. Proposition [4|provides a sufficient condition on transfers to maintain
the employment of minority workers while hiring at least one previously unemployed minority

worker.

Proposition 4. Consider a market with capacities G € G. Suppose a transfer T subsidizes minority
workers and satisfies the following conditions:
o For each w € mp, ty 1y, (w) = MaXper(tw,r) = Max(0, tw,, smpy — (SWw,uw (w) T Tw,pw (w)))
 For each w’ € W\ (mg U {wy,}) and each f € F, t,y s =0, and
o Foreach fe F\{f"}, tw,.r =0, and ty,, r+ > tw,—mpg-

Then, T promotes the employment of minority workers under both ¢y and ¢p.

2"By contrast with Theorem minority workers already employed at f* are not subject to special treatment
relative to minority workers employed at other firms. This distinction arises because the employment of minority
workers must be preserved, but not necessarily at the same firm.
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Proof. See Section |

Similar to Proposition [3, the utility of minority workers must remain positive after the intro-

duction of the transfer to ensure that they are employed by a ﬁrm

5.3 Implementation of Objectives, Costs, and Surplus Sharing

The previous sections show that promoting the employment of minority workers and increasing their
representation can be achieved through appropriately designed transfers. However, such policies may
come with a significant cost. This section demonstrates that these costs can be mitigated when the
objective is to reduce unemployment.

Interestingly, Theorem [5| establishes the substitution between subsidies and taxes in uniform
transfers. It shows that introducing a subsidy of ¢ through a uniform transfer—without taxing
majority workers—yields an allocation equivalent to one in which majority workers are taxed by ¢,

while minority workers receive no subsidy.

Theorem 5. Consider a market with capacities G € G, and two uniform transfers, T and T’, where
T subsidizes minority workers by ¢, and T’ taxes majority workers by . If t = |t/|, then, there exist
worker-optimal and firm-optimal stable allocations such that

T ) T T’)'

(Mg‘[/vs = (M%/vs%‘/) and (ME,S}E) - (MF ySp

Proof. See Section [ |

Given this equivalence, taxes and subsidies are substitutable in uniform transfers when firm
revenue functions are additively separable. Corollary 4] complements Theorem [5| by demonstrating
that, under uniform transfers, combining taxes and subsidies yields additive effects on optimal stable

allocations.

Corollary 4. Consider a market with capacities G € G, and three uniform transfers T, T’, T” with
t >0, t <0, such that:

o T subsidizes minority workers by ¢ and taxes majority workers by t'.

o T’ subsidizes minority workers by ¢ + |¢'|.

o T’ taxes majority workers by ¢ + |t|.
Then, there exist worker-optimal and firm-optimal stable allocations such that:

T T T/ T/ T// T// T T T/ T/ T// T/l
(v i) = (v siv) = (i > sy ) and (up,sp) = (up . sp ) = (kg sp ).

28Sotomayor| (1999) shows that multiple worker-optimal and firm-optimal stable allocations can exist in a given
market. However, worker utility remains identical across all worker-optimal stable allocations, and similarly for all
firm-optimal stable allocations (Theorem 1 of [Sotomayor|[1999). Due to the construction of the transfers presented
in Proposition [4] some minority workers will have a utility of 0 in the worker-optimal stable allocation. This implies

that in some worker-optimal stable allocations, these workers will not be employed. To guarantee that these workers
are employed in all worker-optimal stable allocations, it is sufficient to consider strict inequalities.
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Theorem [5| and Corollary |4] yield direct insights for the design and cost of affirmative action
policies To reduce policy costs, policymakers can prioritize taxation over subsidies within uniform
transfers. For instance, a uniform transfer that imposes a tax of ¢, m, on majority workers
promotes the employment of minority workers. Moreover, the resulting tax revenue can be used to
subsidize minority workers, for example, to guarantee a minimum salary. Taxes alone, however, do
not ensure an increase in the salaries of minority workers, because taxing majority workers raises the
relative attractiveness of all minority workers, thereby intensifying competition within the group.

Our next result establishes that when subsidies are used to reduce unemployment or to increase
the representation of minority workers within firms, these transfers generate additional surplus, part

of which is retained by the firms.

Proposition 5. Consider a market with capacities G € G. Suppose a transfer T subsidizes minority
workers and, for some f € F, |u®,(f)Nm| > |uw (f) N'm|. Then, there exists w € u (f) such that,

tw p > (i, ST) — ww(pw, Sw),

and at least one of the following holds:
o Vi(ugyssiys Ry, T) > Vi(uw;sw, Ry, To), or
o Vi ) (13885 Ry () T) > Vi () (w3 8w, Ry ) To)-

Proof. See Section [D.10. [ |

This result highlights that changes in firm composition induced by subsidies increase the profits
of some firms. This observation holds for both policies. In contrast, in the transfers described in
Theorem [2 the surplus generated by the transfer is fully absorbed by minority workers, and firm
profits are not increased. In the proof of Proposition [5, we show that if t,, ; = 0, then at least the

firm pw (w) experiences an increase in profit; otherwise, if t,, ¢ > 0, it is firm f that benefits.

6 Discussion and Conclusion

In this section, we illustrate the applications of our results. Although affirmative action policies are
implemented in many countries, we consider two well-known policies—one in the United States and
one in Germany—as representative examples. Our analysis applies directly to these policies. We

then discuss the role of lump-sum taxes in the labor market and the insights provided by our study.

6.1 United States: Work Opportunity Tax Credit

The Work Opportunity Tax Credit (WOTC) was introduced in the United States in 1996 to in-
centivize firms to hire workers from disadvantaged backgrounds. The program primarily targets
African Americans and Latinos from low-income households, former inmates, veterans, youth from

impoverished neighborhoods, and individuals with disabilities. Firms participating in the program

29Theorem |5| and Corollary |4/ do not extend to other demand classes satisfying the gross substitutes condition.
Appendix [A| details the condition under which these results hold.
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can receive a tax credit of up to $9,600 per eligible employee. In 2023, a total of 1,988,528 workers
benefited from the program, amounting to $4.7 billion in tax credits—an average of approximately
$2,400 per Worker Notably, the tax credit varies across groups and depends both on individual
and firm characteristics. In our framework, we interpret the WOTC as a non-uniform subsidy.
Our results show that when subsidies vary across individuals and across firms (e.g., by sector),
they may inadvertently reduce the welfare of the very groups they are intended to support—under
both the firm-optimal and worker-optimal stable allocations. Moreover, differentiating subsidies
across multiple minority groups may reduce their welfare (Corollary . To avoid this unintended
consequence while still promoting minority employment, we identify two policy options:
(i) Implementing a uniform subsidy for all targeted workers across all firms (Theorem , or
(ii) Imposing a uniform tax on all other workers across all firms (Theorem [l|and Corollary .
If the magnitude of the uniform transfer is sufficiently large, these policies not only avoid harming

minority workers but may also reduce their unemployment (Theorem [4)).

6.2 Germany: FEingliederungszuschuss

The FEingliederungszuschuss was introduced as part of Germany’s 2002 labor market reform, com-
monly known as Hartz IV. This program aims to facilitate the integration of individuals facing
barriers to labor market participation, including the long-term unemployed, persons with disabili-
ties, older workers, and those from ethnic minorities. It incentivizes firms to hire by subsidizing up
to 50% of the worker’s salary for a period ranging from 12 to 36 months. The amount and dura-
tion of the subsidy depend on the worker’s age and disability status. In 2023, 1,017,190 workers
benefited from this subsidy, with a total expenditure of €25.4 billion—an average of approximately
€24,970 per worker Although the program is available to all sectors, subsidies are concentrated
in industrial, service, and retail sectors, particularly among firms employing low-skilled labor
As with the WOTC, subsidies under the Eingliederungszuschuss vary by worker and firm charac-
teristics. Moreover, the program is targeted exclusively at unemployed workers. Our results suggest
that this design may reduce the welfare of employed minority workers. To prevent such unintended
effects, policy should extend subsidies to employed minority workers as well, with transfers at least
as large as those offered to unemployed workers (Proposition . A further goal of the program is
to increase minority representation in specific sectors. However, uniform transfers cannot achieve
this. When targeting specific sectors, our results show that employed minority workers must receive

a sector-specific subsidy to ensure no welfare loss and to support representation goals (Theorem .

3OWOTC statistics for 2023 https://www.cmswotc.com /work-opportunity-tax-credit-statistics-2023/ (Accessed on
01/02/2025).

3! Eingliederungszuschuss statistics for 2023 https://www.destatis.de/DE/Themen/Gesellschaft-
Umwelt/Soziales/Sozialhilfe/eingliederungshilfe.html (Accessed on 01/02/2025).

92 A similar initiative, known as the emplois francs program, was introduced in France in 2018, aimed at supporting
workers from priority urban areas. It provides a financial subsidy of up to €5,000 per worker each year, with a maximum
duration of three years.
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6.3 Lump-Sum Taxation

In our framework, taxes are levied directly on firms. This contrasts with the model of [Dupuy
et al. (2020a), in which taxation applies to transfers between agents—that is, to salaries. More
specifically, they analyze how taxation affects the wvalue of a market allocation, that is, the sum
of workers’ utilities and firms’ proﬁts Under such taxation, transfers between firms and workers
become imperfect, as part of the surplus is captured by a central authority. As in their model, we
do not explicitly represent this authority.

Uniform transfers can be interpreted as lump-sum tazes: rather than taxing a fixed proportion
of the worker’s transfer, a fixed amount is deducted per worker. Lump-sum taxes are common in
labor markets and may take the form of hiring costs (e.g., employee healthcare contributions) or
employment entry costs (e.g., licensing requirements or mandatory training). Theorem 2 of |Dupuy
et al. (2020&),@ shows that reducing a lump-sum tax on transfers increases the value of the market
allocation. Our analysis complements theirs in two key respects.

First, we study how uniform transfers affect the distribution of welfare across workers. Uniform
subsidies, for instance, capture exemptions from hiring costs or other entry barriers to employment.

Second, in markets with capacities where firms have additively separable revenue functions, we
show that a uniform transfer—whether implemented as a tax on majority workers or as a subsidy
to minority workers—of equal magnitude yields the same allocation. In this case, only firms’ profits

are affected, clarifying how reductions in total value are distributed among market participants.

6.4 Concluding Remarks

This paper examines the impact of transfer policies on minority workers in the labor market. We
show that transfers targeting specific segments of the population can reduce the well-being of mi-
nority workers. We characterize transfers that never reduce the well-being of minority workers at
both the firm-optimal and worker-optimal stable allocations. Our results highlight the importance
of information in the design of transfer policies. When the policymaker knows the market allocation,
our analysis identifies transfers that achieve common objectives such as reducing unemployment,
increasing minority representation, and raising salaries. These findings have direct policy implica-
tions for labor markets in many countries. Furthermore, the analysis extends naturally to settings of
object allocation. In many applications, prices are agent-specific (Gul et al., [2019); in this context,
uniform transfers correspond to price adjustments based on the group to which an agent belongs.

These results illustrate how transfers can be used to favor particular groups of agents.

A Additional Insights

In this appendix, we provide further insights on questions that may arise from our main analysis.

First, we examine the distinction between transferable utility (TU) and non-transferable utility

331t is well known that any competitive equilibrium yields the assignment that maximizes total market value
(Shapley and Shubik, [1971). Differences across equilibria arise only in the division of surplus among agents.

**Theorem 2 is presented in Appendix D in the working paper version (Dupuy et al., [2020b). T am grateful to
Scott Duke Kominers for highlighting how this result fits into the broader framework developed in the present paper.
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(NTU) settings. Second, we explore whether the results from Section extend to other revenue

functions within the class of demand satisfying the gross substitutes condition.

A.1 Distinction Between Markets With and Without Transfers

In NTU markets, Kojima| (2012) demonstrates the impossibility of designing affirmative action
policies that never reduce the welfare of minority agents within the class of stable mechanisms. In
this section, we highlight a key distinction between NTU and TU markets, using the terminology

of agents and institutions.

Example 3. Consider a market consisting of two institutions, i; and io, and three agents, a1, a9,
and a3. Each institution has one available position. Agents are evaluated with institution-specific

scores as follows$3?|

Table 11: Scores of individuals across institutions.

We first consider the NT'U market. To do so, we specify the preferences of agents and institutions,
which correspond to ordinal rankings of institutions and agents, respectively. Institutions rank
agents according to the scores reported in Table Agents’ preferences are given by:

e ay: o > 11, a9 11 > 13, as: o > 11
In the agent-optimal stable assignment, a9 is assigned to i1 and a; to i2. In the institution-optimal
stable assignment, a7 is assigned to i1 and as to is.

Now suppose that as and ag belong to a disadvantaged group and receive a bonus of +2 to their

scores at every institution. The updated scores are:

Table 12: Scores of agents after applying the bonus across institutions.

At institution 41, the ordinal ranking of agents remains unchanged, while at institution 45 it is
altered. As a result, the agent-optimal and institution-optimal stable assignments now coincide: a;
is assigned to i1 and as to is. Agent as, who was initially assigned to i1, is now worse off under the
agent-optimal stable assignment.

We now consider the TU version of this market with capacities (Section [5). We normalize
04, = 0 for each agent a € {a1, as, a3} and insitution i € {iy,i2}.

Prior to the score adjustment, in the agent-optimal stable allocation, a1 is assigned to i1 with

a compensation of 4, and as to is with a compensation of 2. In the institution-optimal stable

5 . . . . .
35These scores may represent entrance exam results in a college admissions context or revenue functions in a labor
market setting.

24



allocation, the same assignment prevails, but both agents receive zero compensation. After the score
adjustment, the assignment remains unchanged; in the agent-optimal stable allocation, a; and as
each receive a compensation of 2, while the institution-optimal stable allocation is unaffected. No
minority agent experiences a reduction in welfare.

The key distinction between the two market structures lies in the role of alternatives in shaping
the allocation. In NTU markets, an institution’s outside options have no impact on the welfare
of the agents assigned to it. By contrast, in TU markets, the compensation received by an agent
depends on the institution’s alternatives. In the example, agent as is willing to be assigned to either
institution at zero compensation, yielding profits of 2 and 5 for i1 and i9, respectively. After the score
adjustment, these potential profits increase to 4 and 7, reflecting the intensification of competition
among workers. Consequently, while uniform transfers prevent a reduction in the welfare of minority
agents in TU markets, certain score adjustments—even if uniform—may reduce minority welfare in
NTU markets. Example [2] further illustrates this point by showing that introducing a subsidy for
ws, in Table [9, lowers the salaries of minority workers in the TU market, whereas the ranking of
workers remains unchanged in an NTU market. This demonstrates that a transfer can reduce the

welfare of minority workers in a TU market while having no effect in an NTU market.

A.2 Limits to the Substitutability Between Uniform Taxes and Subsidies

In Section we show that uniform transfers permit a substitution between taxes and subsidies
when revenue functions are additively separable. In this appendix, we demonstrate that this sub-
stitution is not possible for more general revenue functions within the class of demand functions
satisfying the gross substitutes condition. A necessary condition for such a substitution is that
firms’ demand sets remain invariant under either transfer. Under additively separable revenue
functions, each worker can be evaluated independently, and the transfer amounts to an identical
adjustment—positive or negative—to the revenue generated by every worker within a group. For
any subset of workers, the marginal contribution of each worker consists of three components—the
revenue they generate individually, the valuation term capturing their preference for the firm, and
the transfer. By contrast, when the marginal revenue generated by workers is lower than their indi-
vidual revenues, taxes and subsidies may have asymmetric effects. The following example illustrates

this asymmetry.

Example 4. Consider a market consisting of a single firm, F = {f}, and two workers, W =
{w1,wa}. Suppose that oy, = 0 for each w € W. Let the revenue function be such that Ry({w1}) =
R;({w2}) = v and Ry({w1, w2}) = 2z —¢, with © > ¢ > 0. Suppose that M = {w;} and m = {w»},
and consider the salary vector s = (0,0). It is clear that D(s, Ry, To) = {{w1,w2}}.

Now consider two uniform transfers T and T’ such that T subsidizes minority workers by
t = x, and T’ taxes majority workers by ' = —z, so that t = |[t/|. Moreover, for all w € W,

Ry({w}) + 0w, + 1, ; > 0. The corresponding demand sets are:

Df(S, Rf,T) = {{wl,wg}} and Df(S,Rf,T,) == {{’LUQ}}
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The two demand sets differ because the marginal revenue of wy under transfer T’ is given by:

Ry({wi,wa}) +ty,, s — (Rr({wa})) = —¢.

Thus, although both transfers are uniform and identical in magnitude, they induce distinct
demand responses from the firm. This illustrates that when revenue functions exhibit submodu-
larity—i.e., the marginal contribution of a worker decreases in the presence of others—taxes and

subsidies may not be substitutable, even under uniform transfers.

B Algorithms

This section presents two algorithms implementing the mechanisms discussed in this article. We first
describe the Ascending Salary Adjustment Process, which produces a firm-optimal stable allocation
for any market and is naturally defined for markets with capacities, as only firms’ demand sets are
adjusted at each step. We then describe the Descending Salary Adjustment Process for markets
with capacities, as considered in Section For simplicity, both algorithms are presented so that
utilities decrease by one while proposed salaries increase by one at each step, following Kelso and
Crawford (1982).

B.1 Ascending Salary Adjustment Process

This section introduces the Ascending Salary Adjustment Process (Kelso and Crawford, |1982) for a
market G € G and for any transfer T € T.

Step 0. For each firm f € F, consider an initial vector of salaries s(0) = (=0, ¢)wew, and
let W;(0) C W be a subset of workers such that Wi(0) € Ds(sy(0); Ry, T), ie., a subset that
maximizes the profit of firm f under the current vector of salaries. If there is a tie between workers,
a tie-breaking rule is imposed. For each worker w € W} (0), firm f offers the salary s¢(0)(w) to each
worker w € Wi(k) (i.e., —ou,r).

Step k > 1. If a worker receives more than one offer, she rejects all offers except her most
preferred one, which she tentatively accepts. In case of a tie, a tie-breaking rule is imposed. For

each firm f, if a worker w rejects the offer, the salary for w is increased by 1, i.e.,
s7(k)(w) = sy (k — 1)(w) + 1.

Next, consider the updated vector of salaries sy(k), and let W;(k) C W be the subset of workers
such that W}'(k) € Dy(sy(k); Ry, T), i.e., the subset that maximizes the profit of firm f at step ¢,
given the current vector of salaries. If there is a tie, a tie-breaking rule is imposed. Firm f then
offers the updated salary sy(k)(w) to each worker w € Wi(k).

The algorithm terminates if no worker rejects an offer.

The process continues until at least one offer is rejected. Since the number of firms is finite and
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each firm’s profit cannot be negative, the algorithm terminates in a finite number of steps. Workers
who have not rejected the salary offers accept them and are employed by the firms making the

offers. The final outcome is a firm-optimal stable allocation.

B.2 Descending Salary Adjustment Process

This subsection introduces the Descending Salary Adjustment Process for markets with capacities

and for any transfer T € T.

Step 0. For each worker w € W, consider an initial vector of expected utility u,,(0) = (Ry(w) +
Ow,f + tw f)fer. Each worker selects a firm f such that

u, (0)(f) = max(u, (0)(f)) > 0,

fer

i.e., the firm that offers the highest expected utility. If there is a tie between firms, a tie-breaking
rule is imposed. Each worker w then proposes a salary of u,(0)(f) to that firm.

Step k > 1. If a firm f receives more proposals than its capacity gy, it rejects all proposals. For
each firm f € F that rejects all its proposals, all workers w € W reduce their expected utility at
that firm by 1, i.e.,

uy (k)(f) = uw(k - 1)(f) — L.

Each worker then selects a firm f such that

wo(k)(f) = max(u, (k)(f)) > 0.

fer

If there is a tie between firms, a tie-breaking rule is imposed. Each worker w proposes a salary of
u, (k)(f) to that firm.

If no such firm exists, the algorithm terminates.

The algorithm continues while at least one proposal is rejected. Since the number of workers
and firms is finite, and utility cannot become negative, the algorithm terminates in a finite number
of steps. Firms that have not rejected the salary offers accept them and employ the workers who

proposed them. The final outcome is a worker-optimal stable allocation.

C Auxiliary Results

Lemma [I] provides a decomposition of transfers, allowing us to analyze their effects on minority
workers’ welfare. The intuition is that for a given market G € G and a transfer T, the transfer can

be decomposed into several matrices whose sum equals T.

Lemma 1. Consider a market G € G, a transfer T € T, and T' C T such that T = Y p o T;.

Then, there exist worker-optimal and firm-optimal stable allocations in the markets (T) and (>, T4)
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such that:

ZTieT’ T ZTieT’ T;
12271 S

/Ti . /Ti
s ™ and (uE,sT) = (o e T s T,

(i) = (
For convenience, we denote by (Ty) N (T) the implementation of the transfer T in a market
(To), with (T) as the resulting market. By decomposing T, there exists T C T such that T =

ZTi cT’ Tz s and

(To) B (M) BM+T) BT Y ™,
T,eT’
where ¢ denotes the index of the last transfer implemented in the sequence. This decomposition
primarily facilitates the analysis of the impact of transfers on workers. For instance, if T = T4 To,
and both T; and Ty do not reduce the welfare of minority workers, then T does not reduce the
welfare of minority workers either. Similarly, it follows that Lemma [2| can capture the maximum

impact of each transfer.

Lemma 2. Consider a market G € G, and a transfer T € T that subsidizes minority workers.
Then, for each worker w € W,

(i) (s 55) — (W, SE) < max(T), and

(i) ww(uw, sw) — ww(piy, siy) < max(T).

Proof. (i) Let (up,sr) be the firm-optimal stable allocation, and consider a transfer T such that
tw,r > 0 for all (w, f), and t,, ¢ > 0 only if w € m. Suppose, for contradiction, that there exists a
worker w € W such that

(s 817) =t (F T) > max(T).

Since max(T) > 0 and (uF, sT) satisfies individual rationality, it follows that w, (ur, sF) > max(T).

Because (up,sp) is the firm-optimal stable allocation, and wu,(ur,sF) > 0, there exists a firm
f # pr(w) and a salary s, ¢ such that w,(ur,sr) = ww(f, Sw,f). Thus, w belongs to a demand set
for both pup(w) and f at salaries sp, . (w) and sy, f, respectively.

When T is introduced, firm profits increase by at most max(T) per worker. Furthermore, by
the gross substitutes condition, reducing a worker’s salary by up to max(T) does not remove that
worker from any firm’s demand set

Thus, at salaries spy, . (w) — max(T) and sy, — max(T), worker w remains in a demand set for
both pp(w) and f. Hence, w’s utility can decrease by at most max(T) after the introduction of T.

Therefore,
Uw(pF, SF) — Uw(ﬂga 5;) < max(T).
This concludes the proof of part (i).

(ii) Let (uw,sw) be the worker-optimal stable allocation, and consider a transfer T such that

tw,r > 0 for all (w, f), and t,, ¢ > 0 only if w € m. Suppose, for contradiction, that there exists a

36Reducing salaries weakly expands a firm’s demand set (see Kelso and Crawford| 1982; [Hatfield and Milgrom,
2005; [Echenique, [2012).
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worker w € W such that

o (o, SW) — e (1157, Sy7) > max(T).

As in part (i), it follows that w, (uw,sw) > max(T). By definition of the worker-optimal stable
allocation, no worker w’ € W and no firm uy (w') # pw (w) exist together with a salary vector s
such that

Uy (NW (U}), Sw! (w)) > uw’(ﬂWa SW);

and

Vi () (W8, Ry () To) 2= Vi () (B, SW5 Ry () To)

for some W’ containing w’.

Following similar logic to part (i), after introducing T, each firm’s profit increases by at most
max(T) per worker. The firms’ demand satisfies the gross substitutes condition. Thus, if the salary
of worker w is reduced to sy 4, (w) — Max(T), w will remain in the demand set of pw (w), as no

worker is subsidized by more than max(T). Therefore,

wo (o, sw) — (ki siy) < max(T),

which contradicts the assumption.

This completes the proof. |

Lemma 3. [Stated as Theorem 5 of [Sotomayor| (1999).] Consider a market G € G. There exists a
worker-optimal stable allocation (uyw,sw ) if and only if there exists a firm-optimal stable allocation

(1, sr) such that pw = up.
Lemma 4| provides the expression for worker utility at worker-optimal stable allocation.

Lemma 4. Consider a market with capacities G € G. In any worker-optimal stable allocation

(1w, sw), for each firm f € F and any pair of workers w,w’ € uw (f), it holds that:
Ri(w) — swuw,f = Rf(w/) — SWu',f-

Proof. If w = w’, the statement is trivial. Now suppose w # w’ and, for contradiction, assume that:
Ry(w) — sww,r # Re(w') — swu 5.

Without loss of generality, suppose that:
Ry(w) — sww,; > Rp(w') — swu 5.

Since (uw,sw) is the worker-optimal stable allocation, workers receive their highest possible
utility over all stable allocations, there does not exist any worker w” ¢ py (f) and salary vector s’
such that

Vf((NW(f) U {w”}) \ {wl}7s,7 Rf? T, Q) > Vf(NW7 Sw, Rfa T, Q)a
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and,

Ut (fy Syt ) > Ut (i, SW7 ).

Hence, there exists a salary vector s’ such that siv,, 5 = Swuy,f for every w' € W\ {w}, and sq’vm >
sww,r under which (uw,s) is not blocked. This contradicts the worker-optimality of (uw,sw).

Therefore, we must have:

Ry(w) — sww,r = Rp(w') — swu ¢ for all w,w’ € pw(f).

D Proofs

For clarity, proofs are not presented in the order of appearance of the results in the main text.
Instead, they are organized according to logical dependence, beginning with results that form the

foundation for subsequent arguments.

D.1 Proof of Proposition

Proof. Consider a market G € G, and let T € T be a transfer such that t,, ; < 0 only if w € M,
and t,, y = 0 otherwise. The proof proceeds by analyzing the Ascending Salary Adjustment Process
under T.

At initialization, define for each firm f the salary vector s¢(0) = (—(ow f + tw f))wew. By
construction, for all w € m and all f, S}F(O)(w) = s¢#(0)(w), while for some w’ € M, S?(O)(w’) >
s¢(0)(w’). Consequently, S}‘(O) > s¢(0).

Since firms’ demand correspondences satisfy the gross substitutes condition, it follows that if
W' e Dy(s¢(0), Ry, Tp), with w € W', then there exists W”" e Df(s}‘(O),Rf,T) such that w € W”.

Moreover, salaries are normalized by adjusting for the transfers, so that the effective salary
offered to each worker w at step 0 is s}r (0)(w) + ty, - Under these adjustments, minority workers
receive weakly more offers at each step of the process.

By monotonicity of workers’ preferences in salaries, each minority worker attains weakly higher

utility under the allocation (uF,st) than under (up,sp). [ |

D.2 Proof of Theorem 2

Proof. Consider a market G € G, and let T € T be a transfer such that ¢, ; > 0 only if w € m,
tw,s > 0forallw € W and f € F, and for each w € m, t,, ;,, (w) = Maxser (tw,r)-
By Lemma |1} T can be decomposed as

T= ) T,

weWw

where each T € {T"}yew C T affects only worker w, with ¢, s as in T, i.e., for each f € F,

t%y §=tw,f, and all other elements are zero.
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Fix w € W, and consider T%. We first show that under T%, worker w’s utility at the worker-
optimal stable allocation weakly increases by at least ¢y, 1, (w)-
Since (uw,sw) is the worker-optimal stable allocation under Ty, no allocation (y/,s’) satisfies

(1, 8") > ww(pw,sw)  and Vi (158" Ry To) = Vi ) (0w SWs Ry (w)s To)-

By stability, the profit of firm py (w) under (uw,sw) cannot be increased without decreasing the
utility of some workers.

Introducing T* shifts the profit of firm py (w) by ¢ w), yielding

w, gy (

Viw (w) (w3 8w Ryuyy () T) = Vi () (0w 8w, Ryayy () T0) + by () -

For each worker w’ € m, define the salary vector sT  by:
T ) swat ) e e e =w,
Sw! pw (w') = .
SW puy (w') otherwise.

By construction,

w

v

o () (0w 8T Ry )y T) = Vi () (0w W, Ry () To),

which guarantees that stability is preserved at py (w) under (py,sT ) with the transfer T.

Moreover, since the largest transfer ¢ (w) 18 received at ww (w), worker w has no incentive

w,
to deviate to another firm. Otherwise, this would contradict that (uyw,sw) is the worker-optimal
stable allocation. Thus, the assignment remains unchanged: p& (w) = pw (w). Furthermore, in
the allocation (uy,sT ), worker w’s utility increases exactly by b,y (w) -
Repeating this argument for each w € m, and recalling that T = Y .y TV, it follows that

under the transfer T, the salary vector sT defined by

T
Sew! p (w') = SWal pur (w') + tw’,,uw(w’)a for all w € W,

yields a stable allocation (uy,sT). Therefore, for each w € m,

wo (105 Siv) = ww(pw,s7)

Y

with an improvement of at least ¢, () and ,u%{, = Uy . ]

D.3 Proof of Theorem [1]

We begin by showing that a uniform transfer never reduces the welfare of minority workers under

both pr and .

Proof. Consider a market G € G and a uniform transfer T € T such that for each w € m and each
f€F, tys=1t2>0,and for each w' € M and each f € F, t,y s =t < 0. By Lemma we

decompose T into two transfer as follows:
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e T" is defined such that for each w € m and each f € F, tu £ = tuw,f and all other elements
are zero;
o TM is defined such that for each w € M and each f € F, t%f = ty,f, and all other elements
are zero.
We first examine T™. From Proposition |1, we know that taxing majority workers does not
reduce the welfare of minority workers under the firm-optimal stable allocation. Thus, for each
wEm,

M M
wo(UE SE ) = ww(pir, sr).

Consider now the worker-optimal stable allocation (uw, sy ). By definition, (uw, sw) yields the
highest utility to each worker among all stable allocations. In particular, for any w € W, no firm
f € F\{pw(w)} offers a strictly higher salary without decreasing firm profits, that is, there does
not exist f # puw (w) and s such that

Uw(f, Sw,f) > ww(pw, sw),

and simultaneously

Vf(W/7 S, Rfa TO) > Vf(ﬂWa Sw, Rf> T0)>

for some W’ containing w.
Introducing T, we know that for all firms f € F and all majority workers w’ € M, the transfer
is t{\f/, F= t' < 0. Since the tax applies to all firms, it follows that for each majority worker, the

highest utility w’ can achieve at any stable allocation, when employed, is

O guy (w')  SWwt g () + 1
As in the proof of Proposition |1, consider a salary vector s’ defined by

M
T M

Sw,uw(w) = Sww',uw (w') w,pw (w)?

for each w € W. Since t' < 0, it follows that sV > sy. Because firms’ demands satisfy the gross
substitutes condition, we know that for each minority worker w € m, w remains in a demand set in
TI\/I
Dy (8™ R
worker w € m,

o (w) ™ ). Therefore, at the worker-optimal stable allocation, for each minority

M M
wo (i Sty ) = tw(pw, sw).
We now consider T™ and the worker-optimal stable allocation. By the construction of T", for
each w € m, the maximum subsidy is attained at the firm to which w is assigned under puyp,. That
is,

by (w) = 10X (b f)-

From Theorem [2] it follows immediately that T"" does not reduce the welfare of minority workers
at the worker-optimal stable allocation.

It remains to show that T does not reduce the welfare of minority workers at the firm-optimal
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stable allocation. Suppose, for contradiction, that there exists w € m such that

uw(:uF7SF) > uw(:u%‘mv ng)'

If uy(pp,sp) = 0, the contradiction is immediate, as individual rationality ensures
uw(:u'rIIW‘ 7SE ) >0,

and thus
“w(ﬂ}‘masgm) > Uy (pr, SF).
Suppose instead that wu, (up,sp) > 0. Then, by the optimality of (up,sp), there exists a firm
feF, f+# ur(w), and a salary vector s such that

uw(f, Sw,f) = Uy (UF, SF),

and
Vi(W'ss, Ry, To) = Vi(ur;sr, Ry, To),

for some W’ containing w.

From Lemma 4] we can further decompose T™ into two transfers, {T, , T™,} C T, where T},

m

consists only of the transfers received by w, i.e., for each f € F, ¢}/ ;

=ty s and zero for other
elements, and T™",, consists of the transfers received by all other workers, i.e., for each w’ € W\ {w},

for each f € F, t™ =ty g and Ly, ; = 0.

—ww/’f

Consider (Ty) Ty (T}). It is direct that firm f can offer a salary of s, ;= 8w+t while
Vf(W/; (Sfu,f? S,w), Rf, To) = Vf(W/; S, Rf, TO).

Similarly, pup(w) can offer a salary of s w) Tt while also preserving its profit. Therefore, the

w,pp(
utility of w increases by ¢ at the firm-optimal stable allocation (,u}:“’ , s}” ), that is

U (5", Sp" ) = Uy (p, SF) + L.

Tm
We then introduce T™,, such that (T}}) = (T™) since T|! +T™, = T™. From Lemma (i),

—w>

we know that the utility of w decreases by at most max(T™,) = ¢. Hence,

U (UE SE ) > wy(pr,sp) +t —t = uy(pp,sp),

contradicting the assumption. The proof is complete. ]

It remains to show that if a transfer T is not uniform, then there exists a market in which T
reduces the welfare of minority workers under either ¢r or ¢y . It suffices to demonstrate that T

reduces the welfare of minority workers under ¢ in a single market.

Proof. Consider a market with one firm, F' = {f}, and two workers, W = {w1, w2}, with o,, y = 0 for
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all w € W. Let the group partition be P such that all workers are minorities: m = W, M = (). The
firm’s revenue function is defined such that for any subset W/ C W, Ry(W') = max,ew (Rf({w})).

Firm w1 w2
f r1 T2

Table 13: Firm’s revenue from employing each worker.

Assume that T is not uniform, so ty, 5 # tw,,s. Without loss of generality, suppose ty,,f > tuw,,f,
and further assume x9 > 7.

Before the implementation of T, the worker-optimal stable allocation is straightforward:

f

w1, W2
Swy, = 0, Sy = T2 — 1

Table 14: Worker-optimal stable allocation without transfer.

Now, suppose transfer T is implemented. A worker-optimal stable allocation with transfer T is

given by:

f |

wi, W
Swy =0, Swy = T2 + tuy,r — (T1 + twy,f)

Table 15: Worker-optimal stable allocation with transfer T.

Since Ly, f > tw,,f, it follows directly that

X9 — T > T9 + th,f - (l‘l + twl,f)v

so that

Uwy (MWv SW) > Uy (:U’%‘/’ SI?V)

That is, the introduction of T reduces the welfare of minority worker ws under y,, completing the

proof. [ |

D.4 Proof of Theorem 5]

Proof. Consider a market with capacities G € G, and let T, T’ € T be uniform transfers such that:
o T subsidizes minority workers by ¢ without taxing majority workers, i.e., ¢,y > 0 for all
we W and f € F, and ¢,y > 0 only if w € m, and
o T’ taxes majority workers by ¢’ without subsidizing minority workers, i.e., ¢, 5 < 0 for all
we W and fe€F,and t,; <0 onlyif we M
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such that ¢ = |t/|. We consider the construction of the Ascending Salary Adjustment Process
(Appendix under both transfers.

Claim 1. At each step k of the Ascending Salary Adjustment Process, the set of workers W}(k)
selected by any firm f € F is identical under both T and T'. Moreover, salaries offered to these

workers also coincide.

Proof. We implicitly assume that the same tie-breaking rules apply throughout the Ascending Salary
Adjustment Process. Fix a firm f € F. Since the initial salary vector sf(0) is identical in both
markets, we compare the firm’s initial choice sets under transfers T and T'. Specifically, we show
that the firm selects the same set of workers, that is, W;(0) € Dy(sf(0); Ry, T,q) and W};(0) €
Dy(sy(0); Ry, T', q).

Suppose instead that these sets differ. Then there exist workers w and w’ such that w € WJ’C(O)
for market (T) and w ¢ W}(0) for market (T'), while w’ ¢ W(0) for market (T) and w' € W(0)
for market (T), since for each worker w € W, Rp(w) + 04 f + ty, s > 0. In this case, firm f’s profit

from employing these workers must satisfy:
Ry(w) +t —s;(0)(w) > By(w) + ¢ — s7(0)(w) under (T),

and,
Re(w') +t' —s¢(0)(w') > Rp(w) +t' — s¢(0)(w) under (T').

Summing both inequalities yields:

Ry(w) +t — 57(0) () + Ry(w') + ' — s(0) () >
Ry(w) +t — sp(0)(w') + Ry(w) + 1/ — s7(0)(w),

a contradiction, since t +t' = 0.

It follows that W}(O) is the same in both markets. Since the set of offers made is identical,
workers make the same acceptance and rejection decisions. Therefore, salary vectors evolve identi-
cally across both settings. By induction, this argument extends to all subsequent steps. Moreover,
the algorithm continues since for all f € F and w € W, R¢(w) + 0y, ¢ + ty, > 0. [ |

Hence, we conclude that (ux,sE) = (u}:/, s}"/).

We now consider the worker-optimal stable allocation. By Lemma [3, we know that ux = uf..
Since ,u}[;‘ = u}:/, it follows that u?/{, = u?,{//. To complete the argument, we show that s%;, = S%/i.

We rely on the construction of the Descending Salary Adjustment Process described in Ap-
pendix [B.2. We begin by showing that, for each worker, the firm they initially propose to under

transfer T is the same as under transfer T’.

Claim 2. For each w € W, let
o fe€argmaxser(uy,(0)(f)) under transfer T, and
o [’ €argmaxyep(uy(0)(f)) under transfer T'.
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Then f = f'.

Proof. We implicitly assume that the same tie-breaking rules apply throughout the Descending
Salary Adjustment Process. Suppose for contradiction that there exists w € W such that f # f’.
Without loss of generality, assume that {f} = argmaxyep(uy,(0)(f)) under T. Then, under T,
there exists f* € F'\ {f} such that

Rype(w) + 0w, e +tyy o > Rp(w) + 0w g + 10, 4 (1)

At the same time, by definition of f under T, we must have

Ry(w) + 0w, g +tw,f > Rpe (W) + 0w, g 4t g (2)

Since ty,f = ty, - and t,, , = t,, ;., inequalities and are directly contradictory. This
completes the proof. ]

As a consequence, under both T and T’, each worker proposes to the same firm at step 0 of
the Descending Salary Adjustment Process. For notational convenience, let u}, denote the expected
utility of worker w in market (T”).

It follows that the resulting expected utility difference for each worker w € W, namely
Uy (0) — (1) = 1y, (0) — w,, (1),

is identical across the two markets.

It then follows that workers make proposals to the same firms at every step of the process, by the
same argument, until the Descending Salary Adjustment Process terminates. Let k denote the final
step of the Descending Salary Adjustment Process in market (T’). By construction, the transfer
satisfies t,, y =t for all f and w € m in market (T) and ¢, , = 0 in market (T'), while for w € M,
tws = 0 in market (T) and ;, , = —¢ in market (T’). Consequently, for each worker w and firm
[ eF,

Since
it follows that

Since the assignment is the same under both T and T’, i.e., u?;;, = u%, it follows that workers
propose to the same firms at each step of the process until it terminates. As a result, the process

converges to the same allocation under both transfers. [ ]
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D.5 Proof of Proposition

Proof. Consider a market with capacities G € G, and let T € T be a transfer such that Luw,p >0
only if w € m, and ¢,, y > 0 for all w € W and f € F. Furthermore, for each w € mg,

bwup(w) = I?g}((tw,f) > w'errgs?;eF(tw/’f)'
From Lemma [1, T can be decomposed into two transfers:

e Ti: For each w € mg and f € I, t1, , =ty and 0 for other elements.

w, f
e T5: For each w’ € my and f € F, b2, = tw,f and 0 for other elements.

By construction, Ly (w) = max e p (ty,¢). From Theorem it follows that for each w € mg, with
T
(To) = (T1),

Uw(:url}l‘/l ’ Sg[/‘l) > uw(ﬂW? SW) + tlwyuw(w) ’

Next, consider (Ty) B (T) since T = Ty + Ty. From Lemma [2| the impact of T is bounded by

max(Ts). Because Ly () > max(Ty) for each w € mg, it follows that

(w

U (1557, 8%) > (i, SW7)-

D.6 Proof of Theorem |3

Proof. Consider a market with capacities G € G, and let T € T be a transfer such that Lw,p >0
only if w € m, and t,, y > 0 for all w € W and f € F. Furthermore:
For each w € mp \ {wn} such that uw (w) # f, ty uy (w) = MaxXprer(tu, ) > tw, -1
e For each w € mp such that pw (w) = f, tw,r > maxpem (£} (tw,f) + twn s
o For each w' € W\ (mg U {wp}) and each f' € F, t,y » = 0, and
o For each f' € F\{f}, tw,,;r =0, and ty,, r > tw,,—f-
We examine the firm-optimal stable allocations (yup,sp) and (uF, S%‘) Without loss of generality,

let wys denote the unique majority worker at f who generates the lowest profit, that is,

(wn} =g _min - (Ry(w0) = sy ).

We now show that T increases the representation of minority workers in firm f through the hiring

of wy,.

Claim 3. T increases the representation of minority workers in firm f under both ¢y and @p.

Proof. We show that (i) uk(wy,) = f, and (ii) (u(f) Nm) C (uT(f) Nm).

3TOur analysis concentrates on the firm-optimal stable allocation for two reasons. First, under the worker-optimal
stable allocation, all workers employed by a given firm yield the same profit (see Lemma |4)), making it impossible to
differentiate among them. Second, under the firm-optimal stable allocation, each firm secures its highest achievable
profit across all stable outcomes. Consequently, any decrease in a worker’s salary implies the worker has a strictly
better outside option, either through employment at another firm or by remaining unemployed.
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We recall the following

twm—f = Rp(wnm) = spwy,f — (Be(Wm) + 0wy ) + Ry (wn) (Win) + Twny g (wm)

/ o .
weWultuar )\ fwm} (Bysp 1) () + O g 1) = s (15, 58))

(i) Firm f hires w,, under (u%,sF) if
Ry(wm) + twp s f = 8w, p = Re(War) = $Fwpy 1 (3)

From the stability of (ur,sr),

Rf(wM) — SFwp,f 2 Rf(wm) T Owpn, f — Uy, (ur,sF), (4)

which implies

Uy, (F,SF) 2> Ry(wWim) + 0w, p — (Rp(War) — $Fuwyy,f)- (5)

Now consider the maximum utility that w,, can obtain at her current firm pg(wy,). The surplus
generated by wy, at this firm is R, (w,,)(Wm) + 0w, e (w,,)- To substitute wy,, the firm must attract
another worker—assumed here to be either unemployed or wj;—offering that worker at least the

utility they currently receive. Hence, the best alternative available to pp(wy,) yields

R / , — g (i 57)) -
eI (B (@) + 0wt ) = e (7))

Therefore, the maximum utility that w,, can extract at pp(wy,) is

RH‘F(wm) (wm) + O-fw’mvl/bF(wm) (RMF('U}WL) (wl) + O-wlyliF(w'm) — Uy’ (/’LF’ SF)) . (6)

— max
w' €Wy U{war ))\{wm}

Combining inequalities and @ gives

Ry (wn) (W) + O i () = (B (@) + O ) =t (1, 57) ) =

max
w' €(WyU{wpr P\ {wm}

Uy, (F,SF) 2> Ry(wWim) + 0wy, p — (Rp(war) — $Fwy,p) - (7)

It follows that the transfer ¢,,,_, ¢ renders firm f indifferent between hiring w,, and retaining wy.

Additionally, wy,’s utility under (u%,sT) is weakly higher than under the original allocation:

uwm (ME7 SE) Z uwm (IU’F7 SF)'

38For notational simplicity, we omit the term w.,,, (ir,sr), as it does not affect the subsequent calculations.
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Now, substituting ¢, into inequality gives

T).

R#F(wm) (wm) + Twm o (wm) — w’G(WUUr?gA}E})\{wm} (R,up(wm)(w,) + Ow! o (w) — Uw’ (NFv SF)) 2 Uy, (ME’ S
(8)

Since ty,, (T, %) > Uy, (11F, SF), inequality (3) must hold. By optimality of (4%, sE), we conclude
that pk(wy,) = f.

We now show that even if there exists a minority worker w € mg \ ur(f), with w # wy,, who
could be hired by firm f at a subsidy strictly less than t,,,, ¢, this worker remain assigned to pp(w)
under pE. By the stability of (up,sr), there exists no salary vector s and set of workers W/ C W
such that

Vi(W'ss, Ry, To) > Vi(ur;sp, Ry, To), and wy(f, Sw,f) > ww(pr, sr), 9)

for w e W'.

Using the additivity and separability of revenue functions, construct a transfer T* such that for
all w' € W\ {w} and all ' € F, 5, , =0, and t;) , = t, pr. Now, define a salary vector s’ such
that, for each w’ € W,

/ _ w
Sw pp(w') = SFw up(w') b pp(w)-

That is, only the salary of w is adjusted, and only by the amount of the transfer.

Since ty, p(w) = tw,p it follows, from (9), that w € W’ for some W’ € D, (u)(8s Ryypow)> T)
and w ¢ W for any W” € Dy(s'; Ry, T"). That is, under the transfer T*, worker w remains
assigned to pup(w). By the additive separability of revenue functions, the same assignment holds
under the transfer T. We conclude that, under y%, only wy, is hired by firm f.

(ii) From Lemma (1} we decompose T into three transfers:

o Ty: For each w € mp \ {wn} and f € F, t1, , =ty f, and O for other elements.

o Ty: thm,

o T4 23

; = tw,,—f, and 0 for other elements.

s = twp,f — tw,—f, and 0 for other elements.
It is clear that T; + Ty + T3 =T.
Consider (Ty) I (T1). From Theorem [2, the introduction of T increases the utility of every

w € pw(f) Nm by at least ¢, ., while preserving their assignment; that is ur‘f[} (w) = f.

w,f?
Next, (T) T (T1 + T2), Lemma [2| guarantees that the utility of any worker w € uw (f) N'm
can decrease by at most t,,,,r. However, since the worker-optimal matching ensures that workers
in pw (f) N'm already attain their highest utility at firm f, and because the constructed transfers
satisfy t,, ; > maxpep (r}(tw,f/) + tw,,—f, these workers remain assigned to firm f in (T1 + Ty).
Therefore, for each w € iy (f) Nm, pi! T 2(w) = f. Moreover, from (i), we know that wy, is now
assigned to firm f.
When we consider (T + Ts) Iy (T), Theorem [2| ensures that for each w € pi! T72(f) Nm,
py (w) = .
From Lemma |3| we know that there exist ,u}: and u?;;, such that ,u} = u?;;,, which completes the
proof. ]
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We now show that the transfer T does not reduce the welfare of minority workers under ¢y .

Claim 4. T does not reduce the welfare of minority workers under @y .

Proof. We rely on the decomposition introduced in the proof of Claim |3| (ii).
First, consider (Ty) I (Ty). Since for each w € mg\{wn}, t1
it follows from Theorem [2] that

w,,uW(w) - maXfEF(t1w7.f) Z t’wm—>f7

(/'LW ,SW) > uy (pw, sw) +t1,, (w foreach w € mp \ {wn}.

Next, consider (T1) i (T1 + T2). From Lemma (ii), for each w € mg \ {wn,},

uw(ﬂr{fv‘las’l}{/) - 7i”Ll)(,U%/l—~_T2 ’5[}+T2) < twy—f-

Hence,

uw(#gfl—ﬂ‘2 ’5[/1+T2) > (pw, sw)-

In addition, Claimlmphes that MT1+T2( m) = f, and by Lemmal, it follows that MT1+T2 (W) =
f Wlth uwm (M;_/[V‘l—i_T2 %1+T2) Z uwm (/’LW? SW)'
Finally, consider (T; + T3) I (T), since T = T + T2 + T3. We know that ,ur“E}JFTQ (wm) = f,

and in T3, for each w € 7nEl+T2 t3 = maxyer(ts, ), by Theorem it follows that

T1+T2
w172 ()

T ST) 2 uw( T1+To T1+T2) +t3

Ly » Sy T1+To > Uy (MW’ SW)'
w1 T2 ()

D.7 Proof of Proposition

Proof. Consider a market with capacities G € G, and let T € T be a transfer such that ¢, >0
only if w € m, and ¢,, y > 0 for all w € W and f € F'. Furthermore:

 For each w € mg such that uw (w) = f, ty, 5 > max(0, Rf(war) — Spwy,,f — (Rp(w) — spw,f)),

o For each w' € W\ (mg N (ur(f)U{wn})), and each f' € F, t,y p» =0, and

o For each f' € F\{f}, tw,,;r =0, and ty,, r > tw,,—f-

We examine the firm-optimal stable allocations (up,sp) and (ux,sk). From Claim |3, we know
that pE(wy,) = f. It remains to show that for each w € mp N ur(f), pr(w) = f.

Without loss of generality, suppose that wj, is the unique majority worker such that {wys} =
arg miny,e, . (f)nar (Rp(w) — spw,p). By the construction of T and the optimality of (ur,sr) and
(WE,sT), the assignment pux(w) = f for each w € mp N up(f) holds if the following inequality is
satisfied:

Rf(w) +tw,f — Sgw,f > Rf(wM) — SFwp,f - (10)

40



We now verify this condition by considering two possible cases for each such worker w € mpNugp(f).

o Case 1: Suppose Ry(wir) — SFuwy,f > Rf(w) — Spw,r- Then, by construction,

tw.f 2> Ry(war) = sFwyyf — (Rf(w) — 8pw,f)-

Since (up,sr) is stable, there is no firm f’ # f and salary vector s" such that u,(f’, s, ;) >
uw(pr,sp) and V(W' s', Ry, To,q) > Vi (pr, sk, Ry, To, q) with w € W',

Since T only affects firm f, firm f continues to offer the highest utility to w under the firm-
optimal allocation, implying S%w, ;= SFuw,f- Therefore, inequality is satisfied.

o Case 2: Suppose Rf(w) — spy ¢t > Re(wn) — Spw,, - Then, by definition, ¢, ; > 0. As
in Case 1, the stability of (ur,sr) and the fact that T only affects firm f implies that
Sgwj = Spw,f. Hence,

Rp(w) = spw,r 2 Ry(wm) = $Fuy, £
and inequality again holds.

We conclude that for all w € mg N pg(f), it must be that uL(w) = f. Finally, by Lemma
there exists ui, such that u% = pu., which establishes the desired property for ¢y . |

D.8 Proof of Proposition

Proof. Consider a market with capacities G € G, and let T € T be a transfer such that t,, F>0
only if w € m, and ¢,, y > 0 for all w € W and f € F. Furthermore:

o For each w € mp, ty, () = MaxXpep (tw,r) = Max(0, tw,, smp — (SWw,uw (w) T Twpw (w)))s

« For each w' € W\ (mg U {wy,}) and each f € F, t,y ; =0, and

o Foreach f € F\{f*"}, tw,,r =0, and ty,, + > tw,—mp-
We first consider the firm-optimal stable allocation (up,sF), and examine the condition under which
the unemployed minority worker w,, is hired by firm f*. Since wy, is unemployed, ., (tF,sF) = 0.

At the firm-optimal stable allocation, wy, is hired by f* if

Ry (W) + toy e + 0w px > Rp«(Whr) — Sy, f*-

where, without loss of generality,

w =ar min Rec(w) — Spyy i+ — Rpe(Wy) — O 1),
{war} gwEMF(f*)mM( (W) = spw g = Rpe(wWm) = 0w, g+)

i.e., wyy is the majority worker generating the lowest profit for firm f* under (up,sr).
We first establish that subsidizing wy, by t,,—sm, induces f* to hire w,y,, as this transfer ensures

that w,, generates at least as much profit for f* as wys does.
Claim 5. Rf* (wm) + tw—mp T+ O, f > Rf* (’LUM) — SFwp,f*-

Proof. By definition,

bwp—mp = Rf* (wM) t Cwpg, f* — (Rf* (wm) + me,f*)7
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and hence
Ry (0m) + twp—mp + Owp, pr = By (W) + Oupy -
Since Uy, (UF,SF) = Owpp,p* + SFwy,f+ and (up,sp) is individually rational, it follows that

Twps,f* = —SFuwyy,f*» and therefore:

Rf* (wM) + Owpy, f* > Rf* (wM) = SFwpy, f*-

Next, we show that the utility of wys under (uw,sw) is below the subsidy tu,, —sm-
Claim 6. ty,,, —smy > Uw,, (LW, sw).

Proof. Because (uw,sw) is stable, and pw (wyr) = f* # @ while pw (wy,) = @, stability implies

Rf* ('U)M) - Sww'rruf* Z Rf* (wm) + UwTVhf*'

From the definition of ¢, —m,

Rf* (wm) + Cwp fr = Rf* (wM) + 0wy, f* — twp—mp-

Substituting, we get:

Ry (wnr) — sWuwn, + = R« (War) + Owyy fr — twm—smp-

Rewriting the right-hand side as

Rf* (wM) = SWuwp, f* T Owpg, f* T SWuwp, f* = twp—mp,

we obtain:

0 2 O'wM,f* + Sme,f* - tmemEv

and therefore,

bwm—me 2= Owyg, f* + SWwp, f* = Uwyy (MW7 SW)-

The underlying intuition of Claim [6]is that the competition resulting from wy; seeking employ-
ment at an alternative firm cannot diminish the utility of existing workers by more than ¢, —sm,
given that the maximum utility that wj,; can achieve under any stable allocation is lover than
tw,,—mp- Lo ensure that workers remain employed by a firm, their utility must remain positive
after the introduction of the transfer. We decompose the transfer T using Lemma

e Ty: For each w € mg and f € F, U, = tw,fs and 0 for other elements.

o To: ty, = tw,,—my, and 0 for other elements.

m,f*

39This decomposition reflects the redistribution of the surplus generated by was at f*.
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o Ta: i3 = twm,f* — twm—smp, and 0 for other elements.

wm, f*
First, consider (Ty) I (T1). In this proof, we assume a strict inequality for the transfer with
respect to employed minority workers. This assumption does not affect the argument and simplifies
the proof’s construction. Since for each w € mpg, tlw,uw(w) = maXfeF(tlw’f) > max(0, ty,, smp —

(SWw,uw (w) T Tw,pwy (w))), it follows from Theorem [2 that

Uy (M’t};/l ) S%/l) > twy—mp-

Next, consider (T1) Tz (T1 + T2). From Lemma (ii), for each w € mp,

T4+T T1+T
} 27SVV1 2) S t’wm—>mE-

U (it s Syt ) — o (7]

Hence,

T1+T T1+T
(gt syt 2) > 0.

In addition, Claim [5| implies that either ,uEﬁTQ (wy,) = f* and by Lemma [3] it follows that
/1«%/‘1+T2(wm) = f*.
Finally, consider (T + T3) 5 (T), since T = T + To + T3. We know that u%,[VHJrTQ (wm) = f*,

and in T3, for each w € mT1+T2, t3 = maxscr(ts ), by Theorem [2] it follows that
E " f w, f

,M1V;1+T2 (w
T T T1+T2 _T1+T
U (fyy s S ) = ww(pyy? ™ 2,8y 7 %) 3 (T1HT2 >0
W,y w
Since for each w € mp, wy(py, sE,) > 0, we know that u, (w) # @. Furthermore, urjvf,lJrTQ = ui,

and thus uf (wy,) = f*. From Lemma |3, we conclude that uf, = T, and thus T promotes the
employment of minority workers under both ¢y and ¢p. ]

D.9 Proof of Theorem [4]

Proof. Consider a market with capacities G € G, and let T € T be a transfer such that ¢, >0
only if w € m, and ,, y > 0 for all w € W and f € F. Furthermore:

o For each w € mp, ty, 1y (w) = MaxXper(tw,f) = tw, —mp

« For each w’ € W\ (mg U {wy,}) and each f € F, t,y y =0, and

o Foreach f € F\{f*}, tw,,r =0, and ty,, f+ > tw,—mp-

From Lemma |1, we decompose T into three transfers:

o Ty: For each w € mp and each f € F, t1, , =ty 5, and 0 for other elements.

o Ty: 2, =

o T3:tz, o =tw,r* = tw,smpe and 0 for other elements.

= tw,,—mp, and 0 for other elements.

First, consider (Ty) 4 (T1). Since for each w € mg, Bl ) = maxsep(t, ;) > tw,—smpg, it
follows from Theorem [2] that

T, _T
U () 5 Syt ) = (e, sw) + oy (wy  LOT €aCh w € mp.
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Next, consider (T) I3 (T1 + T3). From Lemma (ii), for each w € mp,

Uw (N%‘/lvsg{/) - Uw(ﬂ’lfvl—i_TZ ’5[/1+T2) < lwy—mp -

Hence,

o (it T2 STATT2) > g (o, swr).

In addition, Clalmllmphes that ,LLT1+T2( m) = [*, and by Lemma 3| it follows that uTﬁTZ (W) =
fr

. . T . o T1+4+T2 _ px

Finally, consider (T; + T3) =% (T), since T = Ty 4+ T2 + T3. We know that pp " 2 (wp,) = f*,

and in T3, for each w € mElJ“T2 tg = maxsep(ts, ), by Theorem it follows that

wopgt T T2 (w)
T+T T:+T
(:uWa SW) > uw(:ul/l/lJr 2 V[/lJr 2) + t3w HT1+T2(UJ) > uw(,UW7 SW)'

W

T14+T>

Furthermore, juy/ = u, and thus uf, (wy,) = f*. From Lemma [3, we conclude that uf, = uF,

and thus T promotes the employment of minority workers under both ¢y and ¢p. |

D.10 Proof of Proposition

Proof. Consider a market with capacities G € G, and let T € T be a transfer such that ¢, s > 0
only if w € m, and ¢,y > 0 for all w € W and f € F. Suppose there exists a firm f € F such
that |u (f) Nm| > |uw (f) N m|. Let w* € m be a worker such that puy (w*) # f and pf, (w*) # f
under any worker-optimal stable allocation. Let f* = puy (w*).

By Lemma {4 we know that for each f € F and for any pair of workers w,w’ € pw (f’), the
following equality holds:

Rpi(w) — sy, p = Rp(w') — SWu', f-
Since (uw,sw) is a worker-optimal stable allocation, it follows that:

Uqp* (,U‘W7SW) = Rf* (w*) + Ow*, f* — (Rf* (w) - SWw,f*)v

for any w € pw (f*).
Because f # f*, it must be that

Rp(w') — swur,f > Ry(w*) 4+ our f — wwe (L, sw). (11)

for any w’ € pw (f). That is, at fixed utility, the profit generated by hiring w* would be insufficient
for firm f.

Now consider a worker-optimal stable allocation with T, (,uW, SW) By the same logic, we know
that:

(/LW,SW) Rf( )+tw*,f+aw*,f — (Rf(’wl)—i-tw/J _SWw’,f)a (12)
for any w' € uf, (f).
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Rewriting ,
Re(W') + tur g — swur,p = Rp(W*) + tus § + 0o — e (W, Siy)- (13)
Since .y ; > 0, it follows that
Ry(w') + tur f = swur.f 2 Rp(w') = swur f-
Combining this inequality with and yields
Rp(w*) + tys p + Ouwe p — s (137, S17) > Rp(w*) 4 0y — s (i, Sw)- (14)
Simplifying ,
tus > W (185, S17) — W (B, Sw)- (15)

We now distinguish two cases:

o If uy+(pi, sE) > uw+ (uw,sw), then w* obtains a higher utility when employed by f under
the transfer T. However, by , the gain in utility is strictly less than the amount of the
transfer. Hence, part of the subsidy #,,« ¢ is absorbed by firm f.

o Ifty« s =0, then implies that w,«(ud,, s§,) < uw+ (uw,sw). That is, the introduction of
T has intensified competition for workers at f*, such that w* can no longer attain the same

utility as under (Ty). This implies that the per-worker profit of firm f* has increased:
Rf* (w) + tw,f* — S"j,[{/wyf* > Rf* (w/) — SWuw’,f*)

for any w € pf (f*) and w' € pw (f*).
In both cases, either firm f or firm f* captures a portion of the surplus generated by the transfer. W
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