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Abstract

This paper is dedicated to an axiomatic study of the Myerson value for cooperative
games in which the set of feasible coalitions is a union-stable system. This type of partial
cooperation structure generalizes well-known communication graph games and contains the
widely studied union-closed and voting structures. In this framework, we provide a simple
and intuitive characterization of the Myerson value using five appealing and independent
axioms. We show that the Myerson value is the only allocation rule on the set of union-stable
structures that satisfies component-efficiency, additivity, modularity, the extra-null player
property, and equal treatment of veto players. We also show that this characterization is
valid for the restricted class of union-closed structures.

Key words: TU-game, Union-stable structure, Harsanyi dividends, Harsanyi power

solution, Myerson value.

1 Introduction

A cooperative game with transferable utilities (TU-game) is a game in which individuals (or
agents, or players) can cooperate with each other in order to increase their benefits. A coalition
is a group of players who are able to work together. In cooperative game theory, it is often
assumed that any coalition can form; that is, any player can cooperate with any other player,
making all coalitions feasible. However, many real-life situations highlight the plausible lack
of cooperation between certain agents, which implies that the set of feasible coalitions cannot
be the collection of all subsets of the set of players. Omne of the most appealing models of
cooperative games with limited cooperation was introduced by Myerson (1977), who defined
communication graph games. These games are modeled by an undirected graph in which each
player is represented by a vertex and edges represent possible cooperation between players. A
feasible coalition is therefore a coalition of players who are connected within the graph.

The foundational work of Myerson (1977) paved the way for subsequent research. Notably,
Gilles et al. (1992) introduced cooperative games on permission structures, in which some players
must obtain permission from others before joining any coalition. In addition, Algaba et al. (2000,
2001) studied cooperative games on union-stable structures, where the union of any two feasible

coalitions is feasible whenever they share at least one common member. More recently, van den



Brink et al. (2011b) introduced cooperative games on union-closed systems, in which the union
of any two feasible coalitions is feasible even if they are disjoint. Furthermore, Algaba et al.
(2019) and Gassi (2025) examined cooperative games on voting structures, where any superset
of a feasible coalition is also feasible. All these models are highly relevant for apprehend many
economic applications, as emphasized by van den Brink (2017).

The study by Algaba et al. (2000) is particularly notable for introducing cooperative games
on union-stable structures, which generalize the communication graph structures proposed by
Myerson (1977). A union-stable structure is characterized by the property that if two feasible
coalitions have a non-empty intersection, then their union is also feasible. Intuitively, the players
in the intersection ensure the connection between the two coalitions, allowing all members to
cooperate through these common players. This interpretation highlights how this framework
extends the communication graph setting. Moreover, the class of union-stable structures en-
compasses other important cooperation structures, such as union-closed structures introduced
by van den Brink et al. (2011b), where the union of any two feasible coalitions (even if disjoint)
is feasible, and both the empty set and the grand coalition (the set of all players) are always
feasible. Another relevant subclass is that of voting structures, recently studied by Algaba et al.
(2019) and Gassi (2025). This class of cooperation structures is characterized by a monotonicity
property: any coalition that contains a feasible coalition is also feasible. In this paper, we focus
on the broad class of union-stable structures.

The problem of sharing the benefits arising from cooperation among agents remains a central
issue in cooperative game theory. For the class of cooperative games on union-stable structures
considered in this paper, a well-known family of allocation rules is the class of Harsanyi power
solutions, studied by Algaba et al. (2015). These solutions distribute the worth of each coalition
among its members proportionally to a power measure. A power measure is a mapping that
assigns to each player a non-negative real number representing his/her cooperation power. The
work of van den Brink et al. (2011a) introduces and provides an axiomatic characterization of
Harsanyi power solutions for graph-restricted games, while Algaba et al. (2015) extends this
characterization to cooperative games on union-stable structures. Subsequently, Algaba et al.
(2019) focuses on the specific class of voting structures. From these latter works, the Myerson
value (Myerson, 1977), defined as the Shapley value of the TU-game associated with a given
union-stable structure, can be interpreted as the Harsanyi power solution corresponding to the
equal power measure yielding the same cooperation power to all players who can cooperate with
at least one other player. It is worth noting that Harsanyi power solutions generally require prior
knowledge of the players’ power measures, as payoffs are distributed accordingly. This is con-
sistent with their axiomatic characterization, which relies on these given measures. In contrast,
since the power measure underlying the Myerson value assigns equal power to all relevant play-
ers, this value can then be characterized independently of any exogenous specification of power.
The work of Gassi (2025) provides an axiomatic characterization of the Myerson value on the
subclass of voting structures using five appealing and independent axioms. In this paper, we
adapt these axioms to obtain an equivalent characterization of the Myerson value for the broader
class of union-stable structures. We show that the Myerson value is the unique allocation rule on

union-stable structures satisfying Component-Efficiency, Additivity, Modularity, the Extra-Null



Player property, and Equal Treatment of Veto players. The first three axioms have already been
used by Algaba et al. (2015) and Algaba et al. (2019) to characterize Harsanyi power solutions
for union-stable and voting structures. The remaining two axioms capture how an allocation
rule should account for both the production and cooperation abilities of players. The Extra-Null
Player property requires that a player with neither cooperation ability nor productive contri-
bution receives a zero payoff. The Equal Treatment of Veto players requires that a player who
is decisive for cooperation receives the same payoff as a player who is decisive for production.
Finally, we show that this characterization also holds for the subclass of union-closed structures.

The rest of the paper is organized as follows: Section 2 lays out the model with some
preliminary definitions and results, Section 3 is devoted to defining the axioms and presenting
the characterization on the class of union-stable structures. Section 4 establish the validity of
the characterization on the subclass of union closed structures. Section 5 show the independence
of the axioms on the class of union-stable structures and, Section 6 concludes and outlines the

main direction for further research.

2 Preliminaries

Throughout the paper, the cardinality of a finite set S will be denoted by |S| and the collection
of the subsets of S will be denoted by 2°. Moreover, for simplicity, any singleton set {i} will be

written as 1.

2.1 Cooperative games

Let N ={1,...,n} be a finite set of agents called players. Any subset S of N is called coalition
and N itself is called the grand coalition. A cooperative game with transferable utilities (TU-
game) is defined as a pair (N, v), where N is the set of players and v : 2V — R is the coalition
function satisfying v(()) = 0. For each coalition S C N, v(S) represents the worth of S if its
members cooperate. We denote by GV the set of all TU-games on the player set N. Since the
set of players is fixed throughout the paper, we will identify any TU-game (N,v) simply by v
for ease of notations.

We say that two distinct players i, j € N are symmetric in the game v if v(SU%) = v(SUj)
for all S C N\ {47, j}. Player i is called null player in v if v(S U7) = v(S) for all S C N \ 1.

For each coalition S C N, the unanimity game ug is defined by ug(T) = 1if S C T
and ug(T) = 0 otherwise. It is well-known that G" is a vector space and that the family of
unanimity games (us)prgcn forms a basis of GN. More precisely, each TU-game v can be

uniquely decomposed as

v = Z Ay(S)ug (1)

SCN,S#0

where the coefficients A, (S) are called the Harsanyi dividends (Harsanyi, 1959) of the coalitions

S C N in the game v, and are computed using the following recursive formula:

Ay(S) =v(S) = Y AL(T), VSCN,S#0. (2)
TCS



A solution on GV is any mapping ¢ that assigns to each game v € GV and each player i € N,
a numerical value @;(v) € R called the payoff of player i in the game v. The most well-known
solution in the literature of cooperative games is the Shapley value ® (Shapley, 1953), which
shares the benefit of cooperation (the Harsanyi dividend) of each coalition equally among its

members. Formally, the Shapley value is defined as follows:

1 .
i(v)= Y mAU(S), Vi€ N. (3)
SCN,ieS

2.2 Union stable structures

Let N = {1,...,n} be a finite set of players and F C 2" be a set system of feasible coalitions.
The set system F is called union-stable if for all A, B € F with AN B # (), we have AUB € F.
In other words, if any two feasible coalitions have at least one common player, then that player
ensures the connection between the two coalitions in such a way that their union remains feasible.
It is not hard to verify that for any two union-stable systems Fp, Fo C 2N the intersection F1NFs
is also union-stable. However, F; U F2 may fail to be union-stable. To see this, consider the
player set N = {1,2,3,4}, F1 = {{1,2},{2,3,4}, N}, and F» = {{1,3},{2,3,4}, N}. It can be
checked that {1,2} N'1,3 # 0, but {1,2,3} ¢ F1 U F,. Thus, F; U F;, is not union-stable.

A wunion-stable structure is a triplet (N, v, F) where (N,v) is a TU-game and F is a union-
stable system on the player set N. We denote by USY the set of all union-stable structures.
Union-stable structures were introduced in Algaba et al. (2000) to generalize communication
graph games by Myerson (1977). Many real-world situations find a natural framework in these
structures. For instance (see also Algaba et al., 2015), suppose that player 1 is a homeowner
who wants to sell his/her house. Player 1 has signed a contract with a real estate agent, player
2, and therefore can only sell the house through player 2. There are two buyers, players 3 and
4. In this setting, the family of feasible coalitions that can generate a surplus consists of those

that allow the seller to complete the transaction. Therefore, the coalitions that can trade are

F={{1,2,3},{1,2,4},{1,2,3,4}}.

Let F bet a union-stable system. The basis of F is the subset B(F) defined by
B(F) = F\E(F)
where

EF)={GeF:G=AUB,A#G,B#G,A,BeF,ANB #0}.

Indeed, defining the sequence of set systems: B = B(F), and B®») = {AUB : AB ¢
BP=1) AN B # (0} (for all p > 1), it holds that there exists an integer k, such that B*) = F.
The elements of the basis are called the supports of F.

Let F C 2" be a union-stable structure and B(F) = {Bi, Ba, ... By, } its basis of F. For any
je{1,2,....,m}, let



F;={A e F|B; C A}; (4)

that is, F; stands for the set of all feasible coalitions according to F, containing the support B;.
Note that F = UL, F;.

Proposition 1 If B(F) = {B1,B,2,...,By,} is the basis of F, then for any nonempty J C
{1,2,...,m}, Uje F; is union-stable.

Proof. Let § # J C {1,2,...,m}, and A,B € Ujc;F;. There exists ji,j2 € J such that
A € Fj, and B € Fj,. This implies that B;, € A and B, C B. Therefore, B;,,B;, C AU B,
and AU B € Ujc;F;. Hence, Uje;F; is union-stable. [ |

Let F C 2V a union-stable system and let S C N. A set T C S is called a F-component of S
if T' € F and there isno 7" € F such that 7/ C T' C S. In other words, the F-component of S are
the maximal feasible coalitions (according to F) that are contained in S. We denote by Cz(.5)
the set all F-components of S. Note that for all S C N with Cx(S) # 0, the F-components of S
are pairwise disjoint. The F-restricted game associated to the union-stable structure (NV,v,F)
is the TU-game v” : 2V — R defined on the player set N and given by v/ (S) = > recy(s) v(S)
if Cx(S) # 0, and v” (S) = 0 otherwise.

Proposition 2 Let (N,v,F1) and (N,v,F2) be any two union-stable structures. If Fi U Fa is
union-stable, then we have
VS C N,v"1Y72(8) = v"1(8) 4+ v2(8) — v172(S).
Proof. Consider a coalition S C N. Four possibilities arise:
o If Cr, (S) = Cx,(S) =0, then v/1Y72(S) = 0 = 071 (S) = v"2(9) = v/1N2(9).

e If Cr,(S) # 0 and O, (S) = 0, then Cr,ux,(S) = Cx (S) and v/1772(S) = v"2(S) = 0.
Therefore, v71972(S) = v71(9) F1(S) + 072 (8) — v12(S).

o If Cr,(S) # 0 and Cx, (S) = 0, then Cr,ux,(S) = Cx,(S) and v/1772(S) = v/1(9) = 0.
Therefore, v/1Y72(8) = v72(8) = v/1(8S) + v72(S) — v/1772(3).

e If Cr,(S) # 0 and Cx, (S) # 0, then

vI(S) +02(9) =012 (8) = YT e+ D> w(T) - ) (D)

TEC’]:1 (S) TEC]:2 (S) TGC}‘IQ}‘Q(S)

= > o)+ Y ()

TeCF \F,nFy(5) TeCr,(S)

= ) (5D

TEC]:l UC]:2

= Z u(T).

TeCr,ury(5)



An allocation rule on USYN is any mapping ¢ assigning to each union-stable structure
(N,v,F) and each player i € N a numerical value ¢;(N,v, F) € R, which represents the payoff
of player i in the structure (N,v,F). A well-known family of allocation rules on US¥ is the
class of Harsanyi power solutions, which distribute the Harsanyi dividends of the coalitions in
the F-restricted game among their members proportionally to a power measure (see Algaba et
al., 2015). A power measure is a mapping o assigning to each player ¢ € N a non-negative real
number o;(F), representing the cooperation power of player i in the collection F. Given a power

measure o, the Harsanyi power solution associated with o is the allocation rule ¢ defined by:

' Z oi(Fs)
Vie N, (pi(N,ny): —AUF(S) (5)
SCNieS > jes 05(Fs)
> jes0i(Fs)>0

where Fg = {F € F: F C S}.
For any union-stable structure (N,v, F) € USY, it is clear that for all coalitions S ¢ F,
A,7(S)=0.1!

The Myerson value 1 on USY is the allocation rule defined as the Shapley value of the F-
restricted game associated to each union-stable structure (N, v, F); that is, for each (N, v, F) €
Us™h,

1 1 )
pi(No, F) = Y mAUF(S): > mAUF(S), Vie N. (6)
SCN,ieS SgN,ge]—'
1€

From (5) and (6), we can see that the Myerson value p on USY is the Harsanyi power solution

associated to the equal power measure o = E, defined by

1 i C(F) £ 0
0 ifC(F)=0

where for all i € N,C;(F) ={B € B(F) :i € B,|B| > 2}.

Ei(]:):{

3 Characterization of the Myerson value on US"Y

The work of van den Brink et al. (2011a) provides a characterization of the Harsanyi power
solutions on the class of graph-restricted games and Algaba et al. (2015) provide and extension
of this characterization on the class of union-stable structures. This latter work characterizes
the Myerson value within the family of Harsanyi power solutions, based on the underlying power
measure. In this paper, we provide a simple characterization of the Myerson value for union-
stable structures, without considering the family of Harsanyi solutions and without using any
power measure. We consider two common axioms used by Algaba et al. (2015) to characterize
the family of Harsanyi power solutions, namely Component-Efficiency (CE) and Additivity (A).

Component-efficiency (CE): An allocation rule ¢ on US” satisfies component-efficiency
if for all (N,v,F) € USN and M € Cx(N), we have >, pi(N, v, F) = v(M).

!The proof is given in Algaba et al. (2015).



Additivity (A): An allocation tule ¢ on USY satisfies additivity if for all
(N,u, F),(N,v,F) € USN, we have

o(N,u+v,F)=@(N,u, F)+ o(N,v, F).

It is known from Algaba et al. (2001) that the Myerson value satisfies component-efficiency
and additivity.

We consider three axioms that are extensions of the axioms introduced by Gassi (2025) for
voting structures, namely Extra-Null Player (ENP), Modularity (M), and Equal Treatment of
Veto (ETV).

Extra-Null Player (ENP): Given (N, v, F) € USY, a player i € N is an extra-null player
in the structure (N, v, F), if

o forall SC N, SeF=S\ieF;

e for all S C N, v(S) =v(S\1).

In other words, an extra-null player is a null player in the game (N, v), who does not help any
coalition to turn feasible(so he has no cooperation power).

An allocation rule ¢ on US™ satisfies the extra-null player property if for all (N, v, F) € USY,
©i(N,v,F) = 0 whenever i is an extra-null player.

Modularity(M): An allocation rtule ¢ on USY satisfies modularity if for all
(N,v, F1), (N,v, Fy) € USN such that F; U JF; is union-stable, it holds that

©i(N,v, F1 U F) = @i(N,v, F1) + @i(N, v, Fa) — 0i(N, v, F1 N Fa)2.

The last property aims to ensure fairness between a player who is decisive for cooperation
in F, and a player who is decisive for the production in the game (N, v)
Equal Treatment of Veto (ETV): Let (N,v,F) and a ¢ € N. We say that player ¢ has:

e a cooperation veto if for all SC N, S € F=1i€ S,
e a production veto if for all S C N,v(S) #0=1i€ S.

Denote by CV(N,v, F) and PV (N, v, F) the set of players who have the cooperation veto and
the production veto in (N, v, F), respectively.

An allocation rule ¢ on USY satisfies the equal treatment of veto if for all (N,v, F) € USY
and i,j € N, if i € CV(N,v,F) and j € CV(N,v,F), then ¢;(N,v, F) = ¢;(N,v,F).

Theorem 1 The Myerson value ju: USYN — R" satisfies (ENP), (M), and (ETV).

Proof.

1. Let us show that u satisfies (ENP). Consider a structure (N,v, F) € USY and an extra-

null player i € N. We just have to show that i is a null player in the TU-game v”.

2The modularity axiom is similar to the transfer axiom for simple games by Dubey (1975), and another version
can be found in Laruelle and Valenciano (2001).



Consider S C N \i. First, assume that there exists some 7' C S such that TUi € C'x(SU1).
Then by definition of C'x(SUi), it follows that TUi € F and K C S\T for all K € Cr(SUi)
and K # T. Since i is an extra-null player in the structure (N, v, F), it follows that T' € F
and T' € Cx(S). Therefore,

v (SUi) = o(TUi)+ > v(K)
KCS\T:KeCx(SUi)

= o)+ Z v(K) since i is a null player in the game v
KCS\T:KeCx(S)

Now assume that there exists no 7' C S such that T Ui € Cx(S Ui). Then Cr(SUi) =
C7(S). Therefore v/ (S U i) = v/ (S) by definition of v/ and Cx(S). This proves that i
is a null player in the game in v” and consequently, we have u;(N,v, F) = ®;(N,v) = 0
since the Shapley value has the null player property.

. Let us show that u satisfies (M). Consider (N, v, F1), (N,v, F2) € USY such that F; U Fy
is union-stable. By Proposition 2, it holds that

VS C N,v"1Y72(8) = v71(8) + 072(8) — v/ 1772(9).
Now by definition of u, we have

1
pi(v, Fr U Fp) = @;(v71972) = >~ oAz (9). (7)

SCN,ieN 5]

Recall that the Harsanyi dividend A,(S) of a coalition S in a game v is defined by the

recursive formula

A(8) = v(S) — 3 ALT),

TCS

which can also be written as

Ay(S) = > (—=1)PITITIy(T) (see Harsanyi, 1959).
TCS

We can see that A,(S) is linear with respect to v. Hence, applying Proposition 2 in

Equation (7), we have
A, rur (S) = Auf(s) + A7 (5) = Ayrnz (S).

Therefore, it follows that



1 1 1

piv, UF) = > EAvﬂ(sw > EAU@(S)— > EAJM(S)
SCN,ieS SCN,ieS SCN,ieS

= O;(N,v") + &;(N,v"?) — &;(N,v"1"72)

= :ui(N7U7‘F1)+/~Li(NaUaF2)_Mi(vavflﬂ*FQ)'

Hence, p satisfies modularity.

3. Let us show that y satisfies (ETV). Consider a structure (N, v, F) € USY and two players
i,j € N such that i € CV(N,v,F) and j € PV(N,v,F). To prove that u;(N,v,F) =
(N, v, F), it is sufficient to prove that i and j are symmetric players in the games v”.
Consider S € N\ {4,5}. Note that i ¢ SUj and j ¢ SUi. Therefore, we have v (SUj) = 0
since Cr(S U j) = 0 because any feasible coalition should contain i. On the other hand,

we have

v (SUi) = Z v(T) =0since j ¢ T for all T € Cxr(SU1).
TeCx(Sui)
It follows that v (S Ui) = v/ (SUj) for all S € N\ {4,5}. Thus i and j are symmetric in

the game v7. Since the Shapley value on G is symmetric, it follows that u;(N,v, F) =
q)i(N7U]:) = (I>j(N7vf) = ,LL]'(N,’U,]:)-

To prove the uniqueness of the Myerson value, we need to establish a crucial proposition on
the behavior of allocation rules satisfying modularity.

Let (N,v,F) € USY with the basis B(F) = {B1,Bs...,By}. Forany ) # K C J =
{1,2,...,m}, denote Fx = Ngex Fr, where each family F, is defined as in (4). Recall that F
is union-stable for all ) # K C J.

Proposition 3 Let ¢ : USY — R™ be allocation rule that satisfies modularity. Then for all
(N,v,F) € USN, we have

e(N,v,F)= > (-)FI"1o(N, v, Fg). (8)
P£KCJ

Proof. Let us first recall that 7 = Uje s F;. The proof is driven by induction the cardinality m
of |J|.

e If m =1 the result is straightforward.

e If m = 2, we have J = {1,2} and F = F; U Fy. Therefore, by modularity, we have
o(N,v, F) = o(N,v,F1 UF2) = p(N,v,F1) + p(N,v,Fa) — p(N,v, F1 N Fz), which is

exactly the formula 8 for m = 2.



e Now assume that the result holds for an integer m > 2, and let us show that it remains true
for |[J|=m+1. Let J ={1,2,...,m,m+1}, J' ={2,...,m,m+ 1}, and F' = Ujc p F;.
Note that F = F; U F’. By modularity we have

o(N,v,F) = o(N,v,F1)+ o(N,v,F)—@o(N,v,F1 NF)

= o(Nou, F)+ Y (D)ETe(N e, Fr) = Y (DN, 0, Fron)
DAKCJI\{1} 0AKCI\{1}
by applying assumption on F’ and F; UF = F U ( m .7-"])
jeJ’
= > OFTeN e F)+ Y ()N, v, Fi)
0£KCI\{1} 1eKCJI\{1}
= > (-)FTe(N, v, Fk)
PAKCJ

This proves that the result holds for |J| = m + 1. Thus it holds for all integers m.

Hence, combining additivity and modularity leads to the following corollary.

Corollary 1 Let ¢ : USN — R™ be an allocation rule. If o satisfies Additivity (A) and Modu-
larity (M), then for any union-stable structure (N,v, F) € USN, o(N,v,F) is entirely defined
by the family of union-stable structures (N, aug, Fi), with S C N and ) # K C J.

We are now ready to establish the uniqueness of the Myerson value on USY.

Theorem 2 The Meyson value v : USYN — R™ is the unique allocation rule on USYN that
satisfies (CE), (A), (M), (ENP), (ETV).

Proof. It is clear from Algaba et al. (2001) and Theorem 1 that the Myerson value satisfies
(CE), (A), (M), (ENP), and (ETV). Let us now show the uniqueness.

Let ¢ : USY — R" that satisfies (CE), (A), (M), (ENP), and (ETV). Let (N,v,F) €
USYN with basis B(F) = {Bi1,Ba,...,By}. Recall that the TU-game v can be written as
v =) geon agug where for all S C N, g is the Harsanyi dividend given in (2). Since ¢ satisfies
(A) and (M), we just have to show that p(N,asus, Frx) = p(N,asug, Fx) for all S C N and
0#£KC.J.

First, remark that for all ) # K C J,

Fr = NgexFr = {A € F : Uger Br C A}.

Moreover, it can be checked that CV (N, agUs, Fx) = Ugex Br and PV (N,asUs, Fx) = S.
Since ¢ satisfies ETV, we have

Vi,j € SU (Uker Bi), pi( N, asus, Fx) = ¢;(N, asug, Fi).

10



Furthermore, any player ¢ who is not in S U (Uxeg By) is an extra-null player in the structure
S U (Ukek Br) and since ¢ satisfies (ENP), it holds that

vi(N, aSuS,JT"K) =0,"s ¢ SU (UkGKBk)-
Now, two cases should be considered:

o If{T € Fx : SU(Upekx Br) € T} = (), (which means that there isno 7' € Fk containing S),
then (agug)”®(T) =0 for all T C N. Therefore, (agug)”® is the null game and by com-
ponent efficiency, we have o;(N, asug, Frx) = 0 = ®;(N, (asus)’™) = ui(N,asus, Fi)
for all € N.

o If {T'€ F:SU(UrexBr) CT} # 0, let M € C]:K(N) such that SU (UgexBr) C M. M
is the Fx-component of N containing S (it contains Uge By, by definition of Fg). Since
¢ satisfies (CE), we have

Z 0i(N, asug, Fg) = asug(M) = ag
ieM

which implies that

Z vi(N,asus, Fix) = asus(M) = ag.

i€SU(Upek Br)
Therefore, it follows that for all i € N \ S U (Uger Bk), ¢i(N,asus, Fx) = 0 =
P;(N, (asus)™™) = pi(N, asug, Fi), and for all i € S U (Uper Br), 0i(N, asug, Fi) =

00 g = @i, (asus)”®) = wi(N, asus, Fr).

Finally, (N, asug, Fx) = pu(N,asug, Fx) and by Corollary 1, we deduce that o(N,v,F) =
u(N,v, F). [

4 Restriction on union closed structures

In this section, we show that the characterization of the Myerson value for union-stable structures
provided in the previous section remains valid for the class of union-closed structures introduced
by van den Brink et al. (2011b).

Let N = {1,...,n} be a finite set of players and G C 2" be a collection of feasible coalitions.
The collection G is said to be union-closed if ), N € G and for all A, B € G, we have AUB € G. By
definition, a union-closed system differs from a union-stable structure in that it always contains
the empty set and the grand coalition, and the union of any two feasible coalitions is feasible,
even if they are disjoint.

Given a union-closed system G, we can similarly define the basis of G as

B(G) =G\ £(G)

where

£(G)={GeG:G=AUB,A,BeG,A+G,B+G).

11



Note that for any two union-closed systems G; and Go, G; N Go is union closed, but G U Gs it
not necessary union-closed. However, if we denote by B(G) = {Bi,... By} the basis of G, it can
be checked that for all J C {1,...,m}, U;c;G; is union-closed, where for all j € {1,...,m}, G,
is defined similarly as in (4).

We use the terminology union-closed structure to refer to the triplet (N, v,G) where (N,v)
is a TU-game and G is a union closed system on N, and we denote by UC™ the set of union-
closed structures on N. Given a union-closed structure (N, v,G), we can define the its associated

G-restricted game by

VS C N,v9(S) = v(T)

where T is the largest feasible coalition contained in S. Note that, unlike the union-stable
structures, the largest feasible coalition according to G included in any subset of players is

unique.

Proposition 4 Let (N,v,G1),(N,v,G2) € UCY such that G1 U Gy is union closed. Then we
have
VS C N,v9199%2(8) = v91(S) + v () — v9179(8S).

The proof is very similar to that of Proposition 2 and is even simpler, since the largest feasible
coalition (i.e., the G-component) is unique. From Proposition 4, it is straightforward to verify
that the Myerson value satisfies the modularity property (M) on UC™. It also clearly satisfies
additivity (A), because (v+w)Y = v9 4w for all TU-games v, w and for all union-closed systems
G. We now turn to the remaining three axioms.

Since the grand coalition is always feasible in union-closed systems, component-efficiency
(CE) coincides with the standard efficiency property. An allocation rule y : UCY — R™ satisfies
efficiency (E) if >,y 7i(N,v,G) = v(N) for all (N,v,G) € UCN. Moreover, the extra-null
player (ENP) and equal treatment of veto (ETV) are defined in the same way as for union-

stable structures.

Proposition 5 The Myerson value i : UCYN — R™ satisfies efficiency (E), the extra-null player
property (ENP), and equal treatment of veto (ETV).

Proof.
Efficiency (E): Let (N,v,G) € UCY.

S u,eg = Y% |;‘Avg(5) recall that Aq(S) = 0¥S ¢ G

1EN 1EN S€GieS

1

Segies

= > A(S)

Seg
= v9(N) =u(N).

Hence, 4 satisfies (E) on UCN.
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Extra-Null Player property (ENP): Let (N,v,G) € UCY and a player i € N who is an
extra-null player in (N,v,G). Let S C N\ i.

e If{TCSTcG)=0,thenTUi¢Gforall T CS,and v9(SUi)=v9(S)=0.

o If {T'C S, T e€G} #10,let us consider K, the G-component of S. Firstly, if K Ui ¢ G, then
v9(SUi) = v(K) = v9(S). Secondly, if K Ui € G, then v9(SU1i) = v(K Ui) = v(K) = v9.
Therefore, 7 is a null player in the TU-game v9. Tt follows that u;(N,v,G) = ®;(N,v9) = 0.

Hence, p satisfies (ENP) on UCY.

Equal Treatment of Veto (ETV): Let (N,v,G) € UCYN. Denote by CV(N,v,G) and (N, v, G)
the set of players with the a cooperation and production veto respectively. Let i € CV(N,v,G)
and j € PV(N,v,G) and let S C N \ {4,7}. One the one hand, we have

v9(SUi) = wv(T) where T is the G — component of S U
= Osince j ¢ T.

On the other hand, we have v9(S U j) = 0 since i ¢ S U j. Therefore, i and j are symmetrical
in the TU-game v9. It then follows that p;(N,v,G) = ®;(N,v9) = ®;(N,v9) = u;(N,v,G).
Hence; p satisfies (ETV) on UCY. [

Theorem 3 The Myerson value pu: UCN — R™ is the unique allocation rule that satisfies (E),
(A), (M), (ENP), and (ETV).

Proof. It is already proven that the Myerson value satisfies the five axioms on UCY. The
uniqueness is shown very similarly to that of Theorem 2. For all ) # K C {1,...,m},
we define G = MrexGr = GupcxB,- For any structure (N, asug,Gk), it still holds that
CV(N,agsug,Gx) = UgexBr and PV (N,asus,Gx) = S. The only point to emphasize is
that since N € G, efficiency immediately implies that ZieSu(ukeKBk)’Yi(N’ asus, k) = ag
and v;(N,asus,Gx) = 0 for all i ¢ S U (UgexBx) by (ENP). By (ETV) we have that
(N, agus, Gx) = m for all i € S U (Uger Bi)- ]

5 Independence of axioms

In this section, we show that the five axioms used in our characterization are logically indepen-

dent. To prove this, we present five simple allocation rules on USY each of them satisfying four

of these axioms but failing to satisfy the remaining one.?

e It is not hard to see that the null value 0 defined by f)i(N ,0,F) =0 for all i € N satisfies
(A), (M), (ENP), and (ETV) but it does not satisfy (CE).

3Tt is worth mentioning that the independence of the original formulations of these axioms has been shown
in Gassi (2025) for voting structures. However, it seems relevant to show the independence of the extended
formulations used in this paper highlighting, some features that proper to union-stable structures in general.
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e Consider the allocation rule ¢ on USY defined by

e
0 if v7(N)=0

where p is the Myerson value on US™. It can be checked that ¢ satisfies (CE), (ENP),
(M), and (ETV). However, it does not satisfy (A). To verify this, consider any two voting
structures (N, u, F), (v, F) € USY such that u” (N) # 0 and v* (V) = 0 (but v* is not
the null game). Since (u + v)* (N) = v (N) + v/ (N) # 0, it follows that for all players
i€ N, ¢i(N,utv, F) = pi(N,utv, F) = pi(N,u, F)+pi(N,v, F). On the other hand, we
have ¢;(N,u, F) + ¢;(N,v, F) = ui(N,u, F) # pu;i(N,u, F) + pi(N,v,F) in general (since
wi(N,v, F) can be non-null).

e Consider an allocation rule ¢ on US™ defined as follows:

A A (S)

()O’L(Nv v, f) = 7 v
SeF,ieS ZJ'GS Aj

where )\; are arbitrary non-negative numbers that do not depend on the system F. It can
be checked that ¢ satisfies (CE), (A), (ENP)* and (M). However, ¢ does not satisfy (ETV)
since we can have ¢;(N, v, F) # ¢;(N,v, F) whenever A\; # A;.

e Consider the allocation rule £ on USY defined by:

VM € Cr(N),Vi € M,&(N,v,F) = { mrEvpan i€ M\ ENP(I)

0 if i e ENP(M)
where ENP(M) is the set of extra-null players belonging in M. It can easily be checked
that & satisfies (CE), (A), (ENP) and (ETV), but does not satisfy (M) since the component
M depends on F and a such component may differs from F; U Fo to Fq, Fo, and Fi N Fo,
where F; and JF, are two union-stable systems such that F; U F» is also union-stable.
However, an essential point should be emphasized regarding (ETV). Indeed, it is worth
mentioning that if there exists a player with a cooperation veto in the structure (N, v, F),
then there is a unique F-component of N and that component contains any player with a

cooperation veto, as well as any player with a production veto.

e Finally, consider an allocation rule ¥ defined as follows: fix a player ig € N. For any union-
stable structure (N, v, F), if i¢ is not an extra-null player, then ¥;(N, v, F) = u;(N, v, F)
for all i € N (where p is the Myerson value). If ip is an extra-null player, then
U (N,v, F) =v(M), ¥;(N,v,F) =0 for all i € M;, \ i9, where M;, is the F-component
of N containing iy, and V;(N,v,F) = pi(N,v,F) for all i ¢ M;,. It can be checked
that U satisfies (CE), (A), (M) and (ETV), but fails to satisfy (ENP), since iy can gain
v(M;,) # 0 while being an extra-null player. However, A clarification should bring on

modularity. Indeed, note that if ig is an extra-null player in (N, v, F; U Fa), then it is

4For (ENP), remark that A, (S) = 0 for any coalition that contains a null player in v”.
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an extra-null player both in (N,v, F;) and (N,v,F2) (therefore in (N,v,F; N F2)), and

modularity follows from Proposition 2.

6 Concluding remarks

The goal of this paper was to provide an axiomatic characterization of the Myerson value for the
class of cooperative games on union-stable structures, without referring to the broader family
of Harsanyi power solutions to which this value belongs. The axioms used in this paper are
intuitive, independent, and effectively highlight both the features of these structures and how
an efficient allocation rule should perform in relation to them.

Another well-known and widely studied allocation rule for this class of games is the position
value, originally introduced by Meessen (1988), which also belongs to the family of Harsanyi
power solutions. This value first assigns to each support (an element of the basis) a value
representing the impact of that support to the overall production, computed via the Shapley
value, and then distributes this value equally among the players in the support. Based on the
underlying intuition of this allocation rule, we believe that an important pending challenge is
to provide a similar axiomatic characterization of the position value without identifying it as an

Harsanyi power solution; that is, without relying on any underlying power measure
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