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Abstract

We study an overlapping generations (OLG) exchange economy with an asset
that yields dividends. First, we derive general conditions, based on exogenous
parameters, that give rise to three distinct scenarios: (1) only bubbleless equilibria
exist, (2) a bubbleless equilibrium coexists with a continuum of bubbly equilibria,
and (3) all equilibria are bubbly. Under stationary endowments and standard
assumptions, we provide a complete characterization of the equilibrium set and
the associated asset price dynamics. In this setting, a bubbly equilibrium exists
if and only if the interest rate in the economy without the asset is strictly lower
than the population growth rate and the sum of per capita dividends is finite.
Second, we establish necessary and sufficient conditions for Pareto optimality.
Finally, we investigate the relationship between asset price behaviors and the
optimality of equilibria.

Keywords: exchange economy, overlapping generations, asset price bubble,
fundamental value, low interest rate, Pareto optimal.
JEL Classifications: C6, D5, D61, E4, G12.

1 Introduction

The asset valuation and its effects on welfare, either negative or positive, are long-standing
questions in economics. The seminal paper of Tirole (1985) studies the price formation
of asset yielding non-negative dividends and shows its impact on the Pareto optimality
of equilibrium allocations.

According to the traditional literature (Tirole, 1982, 1985; Santos and Woodford,
1997), given a dividend-paying asset with positive supply, its rational bubble is said
to exist if the asset’s market price exceeds its fundamental value, typically defined as

*First version: August 05, 2025. We thank Gaetano Bloise, Tomohiro Hirano, Alexis Akira Toda
for their comments and discussions.
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the sum of the discounted stream of future dividends.! An equilibrium is referred to
be bubbly (bubbleless) if a bubble exists (does not exist), to be asymptotically bubbly if
a bubble exists and its bubble component does not converge to zero over time.

Let n, G4 and R* denote, respectively, the gross population growth rate, the gross
dividend growth rate and the steady-state interest rate of the economy without the
asset. Assuming a constant dividend (i.e., G4 = 1), the main insights from Proposition
1 in Tirole (1985) can be summarized as follows.

1. Insight 1: No bubbly equilibrium exists if 1 < n < R*.2

2. Insight 2: A continuum of equilibria (including both bubbly and bubbleless
equilibria) exist if 1 < R* < n.

3. Insight 3: Every equilibrium is bubbly if R* <1 < n.3

Furthermore, Proposition 2 in Tirole (1985) claims (without providing a formal proof)*
that: if R* < n, then the asymptotically bubbleless equilibria are not Pareto optimal
and the asymptotically bubbly equilibrium is Pareto optimal.

Following Tirole (1985), much of the subsequent literature has focused on the case
of pure bubble assets, i.e., assets that pay no dividends but nonetheless have strictly
positive prices. These works have extended Tirole’s framework across various economic
settings.

A smaller body of research has explored rational bubbles on dividend-paying assets.’
However, Pham and Toda (2025a,b) have raised critical concerns about the analytical
foundations of Tirole (1985) and offered a fairly complete analysis of a model with
general dividends. It is worth noting that such models - featuring both dividend-paying
assets and capital accumulation - give rise to non-autonomous two-dimensional dynamical
system with infinitely many parameters (including, the sequence dividends). The
problem with Tirole (1985)’s model, as Bosi et al. (2018b) and Pham and Toda (2025a)
proved, is that when introducing a paying-dividend asset in Diamond’s model, there
may exist an equilibrium (with or without bubbles) where the capital path converges
to zero (they refer this situation as a "resource curse"). Tirole (1985) ignored this kind
of equilibrium.

Hirano and Toda (2025a)’s Section IV considers an OLG exchange economy with
a constant population. Assuming the convergence of growth factors and the forward

1See Brunnermeier and Oehmke (2013) and Miao (2014) for surveys of bubbles in general, Martin
and Ventura (2018) and Hirano and Toda (2024a) for surveys of rational bubbles, and Hirano and
Toda (2024b) for a survey of rational bubbles of assets with positive dividends.

2Qur notation n is consistent with that in Ljungqvist and Sargent (2018) and corresponds to 1+n
in Tirole (1985).

3In this case, Tirole (1985), page 1506, mentioned that "... bubbles are necessary for the existence
of an equilibrium in an economy in which there exists an (arbitrarily small) rent." See Araujo et al.
(2011)’s Section 4.3 for a discussion of the necessity of bubbles for equilibrium implementation.

4We quote Tirole (1985) on page 1526: "By (a straightforward extension of) Theorem 5.6 in
Balasko-Shell [3], the asymptotically bubbleless equilibria are inefficient and the asymptotically bubbly
one is efficient."

5For example, Bosi et al. (2018b) extend Tirole (1985)’s model by incorporating non-stationary
dividends and altruism, recovering modified versions of Insights 1 and 2. Section V.A of Hirano and
Toda (2025a) considers non-stationary dividends under logarithmic utility and presents a version of
Insight 3.



rate function,® they manage to prove Insight 3 of Tirole above, while leaving Insights
1 and 2 aside. Then, Hirano and Toda (2024b)’s Section 5 considered a more specific
model (where endowments and dividends grow at constant rates and the utility is
homogeneous of degree 1), and provided a fairly complete analysis.

To sum up, the main points in Tirole (1985) still hold in exchange economies under
some additional assumptions on dividends, growth factors, and preferences.

Our article has two objectives: (1) to provide a big picture by reexamining these
above insights in an OLG exchange economy’ under general assumptions and (2) to
understand the relationship between the asset pricing and the Pareto optimality.

Before that, we introduce the notion of bubble in Section 2 using only the asset
price equation and offer a novel point: There is a bubble if and only if the ratio
of fundamental value to price decreases over time and converges to zero. From a
practical standpoint, our finding suggests that if we observe a period in which this
ratio decreases, it may be a period of speculative bubble.

In the first main part of our paper, we investigate the asset prices (with and without
bubbles) and the characterization of the equilibrium set. Our results on asset price
bubbles can be summarized by Table 1.

Insights Result Utility function

Every equilibrium is bubbleless Proposition 3 Non-separable

3 bubbleless eq’'m Proposition 4 Non-separable

3 continuum of eq’a (bubbly and bubbleless) Theorem 1 Non-separable

3 continuum of eq’a (bubbly and bubbleless) Corollary 2 Separable (Assump 4)
& bounded endowment

Every equilibrium is bubbly Theorems 2, 3 Non-separable

Every equilibrium is bubbly Corollaries 7, 4-6

3! eq’m and it is bubbleless Proposition 5 Separable (Assump 4)

Full characterization Theorem 4 Separable (Assump 4)

& stationary endowment

Table 1: Summary of results on asset price bubbles. Abbreviations and symbols stand
for 3: existence of, !: uniqueness of, eq'm: equilibrium, eq’a: equilibria, Assump:
Assumptions.

Proposition 3 shows that there is no bubbly equilibrium if the dividend growth
rate or the benchmark interest rates (i.e. the interest rates of the economy without the
asset) is higher than the growth rate of the aggregate endowments of young people.
Proposition 4 proves that there always exists a bubbleless equilibrium if the present
discounted value of dividends computed using the benchmark interest rates is finite.

6See Assumptions 2 and 3 in Hirano and Toda (2025a). See Corollary 6 and Section 4.3.1 below.

"See, Santos and Woodford (1997), Kocherlakota (1992), Huang and Werner (2000), Araujo et
al. (2011), Werner (2014), Bloise and Citanna (2019), Bosi et al. (2022) among others for rational
bubbles of dividend-paying assets in models with infinitely-lived agents. See Pham (2024) and the
references therein for a discussion of the connections between OLG models and models with infinitely
lived agents.



Next, Theorem 1 and Corollary 2 establish conditions under which there exists
a continuum of equilibria where bubbleless and bubbly equilibria co-exist. A key
condition is that the ratio of the benchmark interest rate to the dividend growth rate
remains bounded away from one. This ensures that the asset dividends are quite low
with respect to the interest rates, making the fundamental value of the asset quite low.
Another crucial condition is that the population growth rate is higher than the interest
rate of the economy where the agent invests some positive amount for the asset. This
condition guaranties that the interest rate of the economy is lower than the population
growth rate and households spend a positive fraction of their income for buying the
asset, which makes the asset price higher than some threshold. By combining two
conditions, the asset price would be higher than the fundamental value, i.e., there is a
bubble.

Our Theorem 1 is novel in that it is constructive and does not rely on the convergence
arguments used in Tirole (1985) and Pham and Toda (2025a),® nor on the assumption
of constant growth rates of endowments and dividends as in Hirano and Toda (2024b)’s
Section 5.

In Theorems 2 and 3 (and Corollaries 4-7), we explore conditions under which every
equilibrium is bubbly (in other words, there is no bubbleless equilibrium). The key
behind these results is the so-called Condition (B):? the interest rates with small trades
are lower than the growth rate of aggregate endowments of young households and the
dividend growth rates. Condition (B) ensures that the saving rate is bounded away
from zero because, if the saving rates tend to zero, the trade size is very small. This
makes the equilibrium interest rates lower than the dividend growth rates. Then, the
fundamental value of the asset (i.e., the present value of dividends) will be infinite,
which is impossible in equilibrium because it is lower than the asset price.

Once Condition (B) holds, we prove that (1) every equilibrium is bubbly if and only
if the sum of the ratios of dividends to aggregate endowments of young people is finite,
(2) every equilibrium is bubbleless if and only if this sum is infinite. The intuition
behind is that when the saving rate is bounded away from zero, young people always
spend a significant amount of their income to buy the asset, which implies that the
asset price is quite high. So, if we add that the dividends are small, the fundamental
value of the asset would be lower than the asset price, i.e., bubbles arise.

As we prove in Corollary 6, our Theorem 2 is more general than Theorem 2 in
Hirano and Toda (2025a), which shows that, under some conditions, every equilibrium
is bubbly. Our added value is that our assumptions are weaker and we provide more
detailed results (see Section 4.3.1 for a detailed discussion). In particular, they require
the convergence of growth rates of endowments and the convergence of the forward
rate function while we do not.

Another contribution of our paper is Theorem 3 - a generalized version of Theorem
2, which shows that, under some conditions, every equilibrium is bubbly even if the
saving rate is not bounded away from zero.

8However, notice that the equilibrium system in Pham and Toda (2025a) is non-autonomous
two-dimensional while the system in our paper is non-autonomous one-dimensional. In both cases,
there is the sequence of non-stationary dividends but our model has more parameters (which are the
sequences of non-stationary endowments).

9The letter B stands for the boundedness.



In Theorem 4, we offer a full characterization of the equilibrium set as well as the
long run properties of asset price in the economy where the utility function is separable,
endowments are time-independent but dividends are time-dependent. The literature
and our above results show some necessary conditions and sufficient conditions for
rational bubbles but do not have a necessary and sufficient condition. In this setup, we
manage to provide a novel result, namely a necessary and sufficient condition for the
existence of a bubbly equilibrium: there is a bubbly equilibrium if and only if (1) the
interest rate of the economy without asset is strictly lower than the population growth
rate and (2) the sum of dividends (per capita) is finite.

The second part of our paper studies the Pareto optimality and deepens the relationship
between asset price bubbles and Pareto optimality. We provide necessary and sufficient
conditions for the Pareto optimality (see Lemma 7 and Theorem 5). We refine and
extend the work of Balasko and Shell (1980) and Okuno and Zilcha (1980) to our
framework where we introduce a dividend-paying asset and allow for unbounded growth.

Our analyses of the asset price bubble and Pareto optimality allow us to make clear
the relationship between these two concepts. This question is particularly relevant
given the lack of consensus in the existing literature on this issue.'®

First, our Proposition 7 indicates that every equilibrium is bubbleless and Pareto
optimal if the benchmark interest rates are higher than the growth rate of aggregate
endowment of young people or the dividend growth rate is higher than the growth rate
of the aggregate supply of goods.

Second, in Proposition 8, we demonstrate that an equilibrium is Pareto optimal if
it satisfies the uniform strictness condition and the asset value is significant (in the
sense that the ratio of the asset value (in terms of good) to the aggregate supply of
goods does not converge to zero). This happens regardless the type of equilibrium,
whether it is bubbly or bubbleless.

Third, under mild assumptions, there exists a continuum of equilibria and we can
rank the households’ welfare generated by these equilibria by using its initial asset
value (see Proposition 9): The higher the initial value of the asset purchased by young
people, the higher the welfare of households. Therefore, there exists a continuum of
bubbly equilibrium that are not Pareto optimal.

Fourth, under stationary endowment, as mentioned above, we can fully characterize
the equilibrium set (see Theorem 6). Let us focus here on the case of low interest rate,
i.e., when the benchmark interest rate is strictly lower than the population growth
rate. If the present value of dividends (discounted by using the benchmark interest
rates) is finite, there exists a continuum of equilibria. In this case, the maximum
equilibrium (which is asymptotically bubbly) is Pareto optimal; we prove this point by

0Tndeed, Tirole (1985) shows that a bubble may occur only if the economy is dynamically inefficient.
However, Farhi and Tirole (2012) point out that with imperfect capital markets, a bubble may
exist even when the economy is efficient. Santos and Woodford (1997) write, on page 47, that
"The connection between inefficiency and the existence of pricing bubbles is thus a rather loose
one (see Santos and Woodford (1993) for further discussion'. We thank Manuel Santos for sending
us a copy of Santos and Woodford (1993) where they suggest, on pages 40-41, that it may not be
correct that Pareto optimality implies the absence of bubbles. Section 6.1 in Bosi et al. (2017a) also
discusses the connection between bubbles and dynamically efficiency in general equilibrium models
with infinitely-lived agents. See Farhi and Tirole (2012), Geerolf (2018) and references therein for
more discussions on dynamic efficiency.



extending the works of Balasko and Shell (1980) and Okuno and Zilcha (1980). The
other equilibria (which can be bubbly or bubbleless) are not optimal because they are
strictly Pareto-dominated by the maximum equilibrium; our proof of this point is new
and differs from the approach taken by Cass (1972), Balasko and Shell (1980), Okuno
and Zilcha (1980).

If the dividend growth rate is lower than the population growth rate but higher
than the benchmark interest rate, then there exists a unique equilibrium. Furthermore,
this equilibrium is asymptotically bubbly and Pareto optimal.

Finally, it should be noticed that Tirole (1985)’s Proposition 2 also claims (without
providing a formal proof) that in the low interest rate case, only the asymptotically
bubbly equilibrium is Pareto optimal. We prove this conjecture when the dividends
are low in an exchange economy with time-independent utility and endowment.

Our novel contribution is to show that in general cases, when the benchmark interest
rate is low, an equilibrium which is Pareto optimal may be bubbleless or asymptotically
bubbly (see Proposition 8’s point 1 and Proposition 10). The reason behind the Pareto
optimality in this case does not rely on the fact that the equilibrium is bubbly or
bubbleless (because both phenomena - formation of asset bubble and Pareto optimality
are endogenous), but on the fact that households have a strong incentive for saving
and the asset allows them to do so, making the equilibrium allocation Pareto optimal.

So, our results can be viewed as a formalization of the intuition of Santos and
Woodford (1997, 1993) that the connection between Pareto optimality and the existence
of pricing bubbles is quite weak.

The remainder of our paper is organized as follows. Section 2 introduces a formal
definition of asset price bubbles and offers a new insight. Section 3 describes an OLG
exchange economy while Section 4 explores the issues of asset prices bubbles. Section
5 studies the Pareto optimality. Section 6 shows the interplay between asset price
bubbles and Pareto optimality. Section 7 concludes. Technical proofs are presented in
Appendices.

2 Asset price bubble: definition and new insight

We present the notion of asset price bubble and offer a new insight. The exposition
here only depends on the following asset pricing equation. In other words, our results
in this section apply to any model generating this asset pricing equation.

Definition 1. Consider an asset with the positive sequences of prices (q;) and dividends
(Dy). We define discount factors (Ry); by

D
o= Qt+1R+ ady (1)
t+1

It means that the market value of 1 unit of asset at date ¢, i.e., ¢;, equals the
discounted value of 1 unit of the same asset at date t + 1, i.e., g+1/Ri+1 plus the
dividend Dy, /R, 1.'" By iterating the asset pricing equation ¢; = (qs41 + Dis1)/Res1,

1Tn this deterministic framework, the sequence of discount factors (R;) is uniquely determined.
The reader is referred to Santos and Woodford (1997), Araujo et al. (2011), Pascoa et al. (2011), Bosi



we have

T
D 1
qo = Z Q:D+Qrqr, q = Z Q QTqT, VI >t>1, where Q; = ——, Qg = 1.

stt Q: Ry--- Ry

This leads to the traditional definition of fundamental value and bubble (see, among
others, Tirole (1982) (page 1172), Tirole (1985) (footnote 8), Kocherlakota (1992)
(pages 249-250), Santos and Woodford (1997) (pages 27-29), Huang and Werner (2000)
(page 259), Bosi et al. (2018b)’s Section 4, Hirano and Toda (2025a)’s Section IT).1?

Definition 2. Given the sequences of prices (q;) and dividends (D;). The fundamental
value Fy and the bubble component B, of the asset at datet > 0 are

o D
FtEZA B, =q — F, = lim ar

) Vt Z 0. 2a
s=1 Rt+1 te Rt+s T—o0 Rt+1 RT ( )

We say that there is an asset price bubble if the market price exceeds the fundamental
value, i.e., qo > Fy. In this case, this price is called bubbly. Otherwise, it is called
bubbleless.

According to (2a), we can easily check that
Biy1 = Rip1 By and Fiyy + Dy = Ry By (3)

So, there is a bubble at date 0 if and only if there is a bubble at date ¢.

The following result shows two simple tests for the existence of bubble as well as the
relationship between the relative value of fundamental value and bubble with respect
to the asset price.

Proposition 1. Consider the asset pricing (1) with ¢, > 0 for any t.

1. The following statements are equivalent.

(a) There is an asset price bubble.
(b) The sequence (Fy/q)i>o is strictly decreasing and converges to 0.

(¢) The sequence (Bi/qi)i>o is strictly increasing and converges to 1.
Fo

(d) >0, ?f < 00. Moreover, Z;’Qllqj: < M < 0o
0

2. The following statements are equivalent. (a) There does not exist an asset price
bubble, (b) Fy = g, for any t >0, (c) Bi=0 for any t >0, () 552, 2 = oo,

et al. (2018a) among others for the notion of bubbles in stochastic economies where discount factors
(and state price processes) are not necessarily uniquely determined.

12Miao and Wang (2012, 2018) introduce another notion of bubble which concerns the value of
firm. However, the notion of bubble in Miao and Wang (2012, 2018) is very different from that in
the present paper (see Miao and Wang (2018, 2025) themselves and Hirano and Toda (2025b)). See
Becker et al. (2015), Bosi et al. (2017a) for the notion of bubble on physical capital whose properties
are also quite different from bubbles in this paper.




Proof. See Appendix A. O]

Our novel insights are points (1b) and (1c). This result is simple but, to the
best of our knowledge, new with respect to the literature. According to point (1b),
the existence of an asset price bubble means that the ratio of the fundamental value
to the asset price F;/q; decreasingly converges to zero, and the bubble ratio B,/q,
increasingly converges to 1 when t tends to infinity. It means that the fundamental
value is negligible with respect to the bubble component, lim; ., % =0.

From a practical point of view, our result (1b) suggests that if we observe a period
where the ratio of the fundamental value to the asset price decreases, this may be a
bubbly period.

Condition > 7%, % < oo was firstly presented in Proposition 7 in Montrucchio
' Fo

(2004).'3 Here, we contribute by offering a new proof and proving that 39, % < 17‘7—050

gy
By the definition of F}, we have F; < ¢ < oco. So, by applying the criteria of
d’Alembert and of Cauchy, we obtain a relationship between the interest rate Ry, and
1

the dividend growth rates which can be defined as 2t or Dy .

Dy
1
s 1 Dt-‘rl .. Dt t

1
If R; converges to R > 0, then we must have lim inf;_, D{;trl < R and liminf, ,, . D} <

R. Note that these properties hold whatever there exists a bubble or not.

3 An OLG exchange economy

We now study an exchange economy OLG model with the dividend-paying asset. Time
is discrete (t =0,1,2,...) and there is a single consumption good.

Households. There are N; new individuals entering the economy at time ¢ > 0.
The growth factor of population is constant over time: N;.1/N; = G,, = n > 0 for any
t>01

Each agent born at date t lives for two periods (young and old) and has e/ > 0
units of consumption as endowments when young and e, ; > 0 when old. Both e and
€7, 1 are exogenous.

Assume that preferences of households born at date ¢ are rationalized by an utility
function U*(¢/, ¢7,,) where ¢f and ¢},, denote the consumption demands when young
and old of a household born at time t.

There is a long-lived asset - the Lucas’ tree (Lucas, 1978). At period ¢, if households
buy 1 unit of asset at price ¢, they will, in the next period, receive D;,; units of
consumption good as dividend and they will be able to resell the asset with price q;.1.

13This simple characterization is useful in some models (see, for instance, Le Van and Pham (2016),
Bosi et al. (2018a,b, 2022), Hirano and Toda (2025a, 2024b)).

14We focus on the case N;y1/N; is constant over time to simplify the exposition. However, most of
our results can be easily extended to the case where Nyt1/N; is bounded.



Constraints of household born at date ¢t are written
cf +qz <ef, C?+1 < 6?+1 + (@41 + Dey1)z, ¢, Ct0+1 >0

where z; is the asset demand of household.
At the date 0, the households born at date —1 only consume: ¢§ = e§+ (g0 +Dop)z-1
where z_; > 0 is given.

3.1 Intertemporal equilibrium
Let us denote this two-period OLG economy by Eora = Eora(UY, (Dy)y, (€Y, €9)y).

Definition 3. An intertemporal equilibrium of the two-period OLG economy is a

list (zi, (¢!, ¢9),q)e>0 satisfying three conditions: (1) given (qi, qi+1), the allocation
(2¢,¢f,¢},1) is a solution to the household’s problem, (2) markets clear: Nyzy = Nyy12e4q for any t >
—1, Nycf + N;1f = Niel + Ny_1€2 +Dyzy 1Ny —q for any t >0, and (3) ¢ > 0 for any

t>0.

Balasko and Shell (1981) focus on a model with multiple commodities and no
dividend D; = 0 for any ¢. The model in Weil (1990) is a particular case of our model
where n = 1,D; = 0 for any ¢ > T where the time T is exogenous. The model in
Hirano and Toda (2025a)’s Section IV corresponds to the case n = 1.

Without loss of generality (because we consider the time-dependent utility function
U"), we can normalize as follows.

Assumption 1. z_; >0, 2 N_; =1, N, = n! for any t > 0, where n > 0.

In equilibrium, we have zn' = 2, N, = 2 N_; = 1. So, z; = 1/n'. Denote the asset
value a; = g2, and dividend per capita by a; = % and d, = 2¢

=t

Observe that ”ddt:“l = ij—tl and the good market clearing conditions become ci’+% =

el + %g + d; for any t > 0. We impose standard assumptions.

Assumption 2. The function U' : R% — R is strictly increasing in each component,
strictly concave, continuously differentiable on R2 ., UL(0, z2) = 0o, where U} denotes
the partial derivative of Ut with respect to the it™" component. The sequence of endowments

satisfies ef > 0,€e7,, >0 for any t > 0.

Under these assumptions, a list (z, (¢f, ¢?), ¢ )i>0 is an equilibrium if and only if
2 = 1/n' and

o +qu=c¢l, =€l + (1 + D)z (ba)
thf(cf, Cf+1) = (qey1 + Dt+1)U§(C?7 C?+1) (5b)

Definition 4. (1) Consider an equilibrium. Define the interest rate Ry, between dates
tandt+1by Ry = %-

't
(2) Define the benchmark interest rate (i.e., the interest rates of the economy

t ey 9
without asset) R | between datest andt+1 by Ry, | = %
2\t T t+1



According to the Euler condition (5b), we have

Gt+1+ D1 Uy (e? — Q2 €0 T+ (Qeg1 + Dt+1)zt)
qt U; (eij — 2, €00y + (Qee1 + Dt+1)2t)

(6)

To obtain a relationship between R; and R}, we introduce an additional assumption.

Ui (z1,22)
Ut(x ,T2)

Assumption 3. 15

is decreasing in x1 and increasing in Ts.

In equilibrium, we have z; > 0. By Assumption 3 and the Euler condition (6), we
have:

Lemma 1. Under Assumptions 1, 2, 3, in equilibrium, we have Ry > Ry for any t.

3.2 Asset price bubbles

Given an equilibrium, by the definition of the sequence (R;), we have the asset pricing
equation (1), i.e., Ryy1 = % So, all results in Section 2 apply.
By consequence, with the notations
qt Dt F’t Bt

ay = — th— ft:— btzi
nt’ nt’ nt’ nt’

(7)

we can restate Proposition 1 as follows:

Lemma 2. In the case of strictly positive dividends (Dy > 0 for any t), the following
statements are equivalent.'® A bubble exists if and only if one of the following condition
holds:

nta,

R, --R,
2. Y%, D/qr < o0, de., Y2 di/ay < +00.

1. hmt*)oo tht > 07 i.€. hmt*)oo > 0.

3. The sequence (ft) = (%) is strictly decreasing and converges to 0.

4. The sequence (bt) = (%) is strictly increasing and converges to 1.

Lemma 2’s point 2 leads to an interesting implication regarding the role of saving
rate.

Proposition 2 (Role of saving rate on the existence of bubble). Consider the case of
strictly positive dividends (Dy > 0 for any t). Consider an equilibrium. If there exists a

date T' such that the saving rate qtit of young people is bounded by an exogenous value

st >0 fmm date T on (i.e., qft > s Yt > T), and the dividends are low in the sense
that 3272, 4 nt ity < 00, then this equilibrium is bubbly.

5This holds if Uf(z1,x2)Us;(z1,22) — Ud(x1,22)U% (z1,22) > 0 and Ub(wy,22)Uly (w1, 22) —
Ui(z1,22)Uds(21,22) > 0 for any x1,xs, where Ufj is the second-order partial derivative of U? with
respect to the variables x;, x;.

16Condition D; > 0 for any t is to ensure that g > 0 at any ¢, which is needed to define D;/g;.
Actually, we only need that there exists an infinite sequence of times (¢;) with Dy, > 0.

10



: gtz oo D, T-1 D, 00 D,
Proof. Since 45t > s, Vt > T, we have >3;%, o < i1 ot Zt:TW < 00. So,

Lemma 2’s poiﬁt 2 implies that there is a bubble. ]

Proposition 2 highlights the importance of the saving rate. The underlying intuition
is that when individuals consistently allocate a portion of their income to invest in the
asset, they continue to purchase it - even when its fundamental value is low (as is the
case when dividends are low). This persistent demand contributes to the formation of
a bubble.

Theorems 2 and 4 below provide a condition under which liminf, . qé—tft > 0.
However, as we will show in Theorem 4, the saving rate may converge to zero or to
some strictly positive value. One key issue is understanding how the asset demand and
asset prices evolve over time, which we will address.

3.3 The equilibrium set under separable utility

Although the main part of our paper works under the non-separable utility function,
it is useful, as in Tirole (1985), to show some properties of the equilibrium set under
separable utility functions.

Assumption 4. Assume that U'(xq,x2) = u(xr) + po(ze) for any t,x1,29. The
functions u,v : Ry — R are twice continuously differentiable, strictly increasing, and
strictly concave with u/(0) = v'(0) = co. The endowments satisfy e} > 0,ef,, > 0 for
any t > 0. The function cv'(c) is increasing on (0, 00).

Recall that a, = %,d, = . Under the above assumptions, (g;) is an equilibrium
if and only if the sequence (a;, Ry11):>0 satisfies the following conditions:

Ry
u'(ef —ay) = PRy (€?+1 + Rt+1at) y G tdi = ay n+ , 0<a <ef foranyt > 0.

(8)

, we also call

Since (Ry41)>0 is uniquely determined via (a;) by Ryr1 = (a¢s1 + diy1)
(a¢)¢>0 an equilibrium.
The following result shows how the interest rate R, depends on a;.

n
at

Lemma 3. Let Assumptions 1, 4 be satisfied.

1. Fora € (0,¢€}), there exists a unique Ry 1 > 0 satisfying u'(ef —a) = SRy 10 (e§+1 + Rt+1a)
if and only if au'(ef —a) < Blim, o cv'(c).}” By consequence, we can define the
function g, : Dy = {a € (0,¢€}) : au'(e] — a) < flime oo cv'(¢)} = Ry by gi(a) =
Ry 1 where Ryyq is uniquely determined by u'(ef —a) = SRy110 (e§+1 + Rtﬂa).

Note that g; is increasing and lim,_,o g;(a) = R} = 63/((:‘?) 7-
t+1

(‘170

"Here, we also allow for the case where lim,. o cv'(c) = oo. If v(c) =
then lim. o cv'(c) = oc0. If v(c) = In(c) + Aln(B + ¢7), where A > 0,B
lim, o cv'(€) < 0.

— with o € (0,1),
> 0,0 € (0,1), then
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2. The sequence (a;) is an equilibrium if and only if it satisfies the system (8) and
Ri1 = gi(ar), where g; is defined by Lemma 5.'®

A proof of Lemma 3 can be found in Online Appendix 1. In some particular cases,
we can explicitly compute R;yy. For instance, if u/(¢) = ¢'(¢) = 1/¢, then we have
Riq [Bef — (1 + B)ay] =€) 4. According to Lemma 3, we can redefine equilibrium by
using its initial asset value, as in Tirole (1985).

Definition 5. Denote Aq the equilibrium set of all values a > 0 such that there exists
a sequence (at)i>o satisfying (8) and the initial asset value equals ag = a.

For each a in the equilibrium set Ay and the associated equilibrium sequence (a;)¢>o
with ag = a, we define the fundamental value fi(a) and the bubble component b;(a)
by

F; n n

ft:ft(a)EE:;Rt-}-l '.'Rt-l,-s

dt+5, bt = bt(a) = Qt — ft- (9&)

We can verify that f, 1 = %ft —diy1, b1 =by Rtn“ for any t > 0.
Following Tirole (1985), Bosi et al. (2018b), Bosi et al. (2022), we have the following
result (whose proof can be found in Online Appendix 1) showing the form of the

equilibrium set.

Lemma 4. Under Assumptions 1, 4, we have: (1) The set Ay is a compact interval,
(2) The fundamental value function fi(ag) is decreasing in the initial value ag while
the size of bubble by(ag) is strictly increasing, (3) There exists at most one bubbleless
solution. Moreover, if there are two equilibria with initial asset values a; o < asg, then
any equilibrium with initial asset value ag € (a1, azp] is bubbly.

4 Results on asset price bubbles

4.1 Equilibrium without asset price bubbles

The following result provides conditions to ensure that every equilibrium is bubbleless.

Proposition 3 (no bubble conditions). 1. Let Assumptions 1, 2 be satisfied. Then,
every equilibrium is bubbleless if
. . L — D
(Non-negligible dividend condition): = 0. (10)

t Y
t=1 "¢

2. Let Assumptions 1, 2, 3 be satisfied. Then, every equilibrium is bubbleless if

t, Y

. . .. . n-e
(High interest rate condition): — lim ———— =
18e¢ = ( for any ¢, the Euler condition becomes u'(e — a;) = BR;11v'(Riy1a:). In some cases, this
equation does not allow us to express R;.; as a function of a; and €Y (in this case, R;41 must be
determined by (1)). See our working paper version - Bosi et al. (2025), page 1 - for more discussions.

0. (11)
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Proof. See Appendix B. O]

Condition (10) indicates that the existence of bubble requires that the dividend
growth rate must be lower than the endowment growth rate.!” In a model with
capital accumulation, Corollary 1 in Bosi et al. (2018b) shows that every equilibrium
is bubbleless if the sum of the ratio of dividend to aggregate output is infinite.?"

Condition (11) means that, if the benchmark interest rare R; is quite high (higher
than the product of population growth rate and the endowment growth rate), then
there is no bubbly equilibrium. In other words, every equilibrium is bubbleless.

The insight of condition (11) is in line with the main result in Santos and Woodford
(1997): there is no bubble if the sum of discounted values of aggregate outputs is
finite. However, the condition in Santos and Woodford (1997) is based on endogenous
variables. By contrast, our condition (11) is based on exogenous variables. Notice that
the high interest rate condition (11) is also in line with Proposition 1.(a) in Tirole
(1985), Proposition 2.1 in Bosi et al. (2018b), Proposition 4 in Bosi et al. (2022),
Lemma 3.2 in Pham and Toda (2025a).

We now provide a condition under which a bubbleless equilibrium always exists.

Proposition 4 (Existence of bubbleless equilibrium). Let Assumptions 1, 2, 3 be
satisfied. Then, there exists a bubbleless equilibrium if

D

> — L < 0o. (Not-too-low interest rate condition.) (12)
Z Rp- R
Proof. See Appendix B. O

Under separable utility functions, by combining Propositions 3 and 4 with Lemma
4’s point 3, we can obtain not only the uniqueness of bubbleless equilibrium but also
the uniqueness of equilibrium.

Proposition 5 (Uniqueness of equilibrium - separable utility). Let Assumptions 1, 4
be satisfied.

1. If condition (12) holds, there exists a unique bubbleless equilibrium.

2. If condition (10) or condition (11) holds, then there is a unique equilibrium and
it is bubbleless.

Proposition 4 states that there exists a bubbleless equilibrium if the present discounted
value of dividends computed with the interest rates of the economy without asset is
finite. The key in Proposition 4 is R; > R;. Proposition 4 is similar to Proposition 3.1
in Pham and Toda (2025a). However, as we work with the Euler equation (6), which
is a non-autonomous one-dimensional system, we can obtain a similar result under
weaker assumptions (Assumption 3 is slightly weaker than Assumption 3 in Pham and
Toda (2025a)).

According to Proposition 4, when dividends growth factors are lower than return
factors of the economy without asset (R;), an equilibrium without bubbles always

9Corollary 3 in Bosi et al. (2022) shows a similar result in a model with infinitely-lived agents.
20Pham and Toda (2025a) prove a similar result in their Lemma 3.1.

13



exists. By the way, Proposition 4 is related to Lemma 1 in Tirole (1985) which claims
the existence of bubbleless equilibrium. However, Tirole (1985)’s proof is not complete
(because he did not prove that his function I' is continuous) and implicitly requires, in
page 1522, the assumption that the present discounted value of the rent (dividends)
computed with the Diamond bubbleless and rentless interest rates is finite, which
corresponds to our condition (12). Note also that, the method of our proof is different
from Tirole (1985).

It should be noticed that (12) is only a sufficient condition for the existence of a
bubbleless equilibrium. Conditions (10) and (11) are also sufficient for the existence
of a bubbleless equilibrium since they rule out any bubbly equilibrium.

In the next sections, we study conditions under which there exists a bubbly equilibrium.

4.2 A continuum of equilibria (with and without bubbles)

Since z; Ny = 1 for any t > 0, the equilibrium (2, (¢f, ¢?), ¢:)1>0 is one-to-one represented
by the sequence of prices (¢:)¢>0 (or the sequence of asset value (a;) = (¢:2¢)) which we
also call an equilibrium. Recall that d; = %. By consequence, (g;) is an equilibrium if
and only if the sequence (at, R;11)i>0 satisfies the Euler and non-arbitrage conditions

Ul (e%’ —ag, el + Rt+1at) — R U (e?{ —ag,eq,, + Rt+1at> =0 (13a)

R
Qi1+ di1 = ay tH, 0 <a; <ef for any t > 0. (13b)
n

The Euler condition motives us to introduce the following function.

Definition 6. Lett > 0, ef > 0,€7,, > 0. Define the function K, : (0,e]) x[0,00) = R
by

Ki(a,R) = U{(e{ — a,€},, + Ra) — RU, (ei’ —a,ef + Ra) . (14)
Since the function U! is concave, we have a direct consequence.

Lemma 5. IfU" is (strictly) concave, the function Ki(a, R) is (strictly) increasing in
a.

We now provide conditions under which there exists a continuum of equilibria.

Theorem 1 (Continuum of equilibria: co-existence of bubbly and bubbleless equilibria).
Let Assumptions 1, 2, 3 be satisfied and ef > 0 for any t. Assume the following
conditions.

1. There exists a sequence (€)i>o such that, for any t > 0,

(Z) € € (0,6%), €t < €t+1 + dt—i—l-

(it) Ki(e,n) < 0 (this condition implies that there exists Rf, | such that 0 <
R{, | <n and Ky(e;, Rf) =0).

(iii) If R satisfies K;(e;, R) > 0 and R < n, then R < Rf,,.*!

2INotice that, in general, the function K;(e,-) : [0,00) — R may not be monotonic on [0, c0).
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2. There exist A\ > 0 and v > 1+ % satisfying Ady < €; and

d
(Not-too-low interest rate condition): R , > (n&—“)’y foranyt > 0. (15)
t

Then, there exists at least one bubbleless equilibrium and there exists a continuum of
bubbly equilibria (where the asset values and interest rates satisfy a; € [Ad:, €] and
Ry < R, < R;).

By consequence, under Assumptions 1, 4, the set of equilibria Ay (in Definition 5)
is an interval [a,a] with [Ady, €] C [a,a]. Moreover, for ag = a, the equilibrium is
bubbleless. For ag > a, the equilibrium is bubbly.

Proof. See Appendix B.1. O

The key intuition of Theorem 1 is that when the benchmark interest rates R; is
lower than the population growth rate n but higher than the dividend growth rate
(condition (15)), then bubbly and bubbleless co-exist.

Theorem 1 is new with respect to the literature because it provides general conditions
(with non-separable utility functions, non-stationary endowment, non-stationary dividend)
under which bubbleless and bubbly equilibria co-exist. It should be noticed that
Theorem 1 and its proof do not rely on any form of convergence of variables as required
in some papers in the literature (Tirole, 1985; Farhi and Tirole, 2012; Pham and Toda,
2025a). Another added value of Theorem 1 is that it is constructive because it shows
us how to construct equilibria with bubbles.??

Let us explain our constructive proof. We start from the initial asset value ag.
By using the Euler equation, condition (i) and (ii), we can find R; (such an interest
rate may not necessarily be unique). Then, we determine a; by the non-arbitrage
condition a; + d; = ag™. Conditions (ii) and (iii) which are a kind of low interest
rate conditions ensure that the equilibrium interest rate R; is always lower than the
(population) growth rate n. This low interest condition makes sure that the bubble and
asset values do not explode. The not-too-low interest rate condition (15) guarantees
that our sequence (a;) satisfies

Since v > 1, we have Y~ d;/a; < oo, i.e., this equilibrium is bubbly (thanks to
Lemma 2). Moreover, by Proposition 4, the not-too-low interest rate condition (15)
also ensures the existence of a bubbleless equilibrium.

Naturally, we may ask whether assumptions in Theorem 1 can be satisfied. Actually,
we will show that these conditions hold for a large class of models. Let us start with
a concrete example whose detailed proof is presented in Online Appendix 2.
Corollary 1. Assume that the utility is U'(xq,x5) = o —i—ﬁaﬁ_; where o > 0,53 >0,

-0

while endowments satisfy 6251 =g.>0andef <ej., for anyt. Assume that dividends

22Bosi et al. (2022)’s Proposition 7 provides conditions to have a continuum of bubbly equilibria
in an exchange economy with heterogeneous infinitely-lived agents and logarithmic utility functions.
Their working paper (Bosi et al., 2021) gives several examples.
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grow at a constant rate: d; = dod", where do,d > 0, for any t (i.e., Dy = don'd"). In
1/0

this case, the benchmark interest rate Ry = R* = %
Then, Assumptions in Theorem 1 are satisfied if the interest rate and dividends are
low in the sense that nd < R* < n and dy is low enough.

In Corollary 1, we take ¢, = eei’, where € satisfies gerz_T1 + e(n”% + ﬁi) — Bé < 0.
Then, we choose o so that ( oy < N Note that ¢ may be lower or higher than 1
(so, Assumption 4 may not hold because cv’(c) may not be increasing). Last, we take
v € (0,£) and A > 0 so that v > 1+ + and dy low enough such that Adod’ < € = ee?.

In Corollary 1, we know that the equilibrium set contains a continuum of bubbly
equilibria. The following result shows that, in some cases, the equilibrium set is in fact
a compact interval with non-empty interior.

Corollary 2. Let Assumptions 1, 4 be satisfied. Assume that e = e° > 0 for anyt and

there exists e > 0 and € > 0 such that ef € [e,e] Vt. Denote R = w(e) R= wle)
Bv'(e°) Bv'(e°)
Assume that
D d '(ef -
1;:1 . Zl <Gy<R<R;,= ;U/((e;o)) < R < n (low interest rate and low dividends)

(16)

for some Gy. Then, the set of equilibria Ay (in Definition 5) is an interval [a,a] with
[Ado, €] C [a,a]. Moreover, for ay = a, the equilibrium is bubbleless. For ag > a, the
equilibrium is bubbly.

Proof. See Appendix B.1 Ol

4.3 Conditions under which every equilibrium is bubbly

We now provide conditions under which every equilibrium is bubbly (in other words,
there is no bubbleless equilibrium). When this case happens, Tirole (1985) wrote in
page 1506 that bubbles are necessary for the existence of an equilibrium. The following
observation, which is a direct consequence of Propositions 3 and 4, gives some intuitions
why this scenario may happen.

Corollary 3. Let Assumptions 1, 2 be satisfied. Assume that every equilibrium is
bubbly. Then, we must have Y 32, nf y < 00. If we require, in addition, Assumption 3,

t
net

then we have 37,5 R*D - = > 0.

= and hm SUD; o0

These conditions suggest that when there is no bubbleless equilibrium, the benchmark
interest rates R} should be lower than the growth rates of aggregate good supply of
young people and the dividend growth rates. Moreover, the dividends should be low
(i.e., X2, nDety < 00) but not too low (i.e., Y5y R*D = 00).

To present our conditions (based on exogenous varlables) which ensure that every
equilibrium is bubbly, we make use of the Euler equation (13a) which is equivalent to

Ut < (1 B 7)7615( tr1 + R y)) — Ry Ul (e‘?(l — Z?;)’ei/(ei? Rt+1a£)> =0.
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This equation motivates us to define two functions V{ and Vy: RZ — Ry by Vi (21, 20) =
Ui(efx1, efxs) and Vy (1, 2) = Us(efr1, efxs).
Denote af = % and ge 41 = e*gl the saving rate and the endowment growth rate

of household born at date ¢. The Euler equation becomes

VI(1 = af, gesr + Re1af) — ReaVy (1= a5, gepir + Resaaf) = 0. (17)
We are now ready to state our result.

Theorem 2. Let Assumption 1 be satisfied and the function U' be quasi-concave,
continuously differentiable, and strictly increasing in each component.

Assume the so-called Condition (B): there exist € € (0,1), positive sequences (X;)
and (X,), and a date T satisfying the following conditions:

D
1. (Not-too-low dividend condition) 72, ﬁ = 0.
X,

2. (Low interest rate conditions)

y
e

(a) X1 < nt—erl Ve >T.
€t

(b) Foranyt>T, if e € (0,€) and X € [0, X;11] satisfy

X — VI (1 =€ ge1 + Xe)

, 18
Vi (1 =€ gep1 + Xe) (18)

then X < Xyi1.
Then, the following statements hold.

1. For any equilibrium, the ratio of asset value to endowment is uniformly bounded
away from zero (i.e., liminf, . % >0).
t

2. If 02, n?é?g < 00, then every equilibrium is bubbly.

3. IfF >0, n?é?g = 00, then every equilibrium is bubbleless.

4. By consequence, any equilibrium is bubbly if and only if

o)
>
t=1

D
- ty < oo (low dividend condition). (19)
nte;

Proof. See Appendix B.2. O]

Condition (B) in Theorem 2 is based on exogenous parameters. It is general but
quite implicit. However, we will show that it can be easily satisfied in standard settings.
We firstly justify it by providing simple conditions to test it.

Lemma 6 (Testing Condition (B)). Assume that limsup,_, . e, ,/e] < oo and the first
assumption in Theorem 2 holds.
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1. Condition (B) in Theorem 2 is satisfied if there exist R > 0, €,és > 0 and Ty
such that

y
Zi — oo and VI (1— €1, ges1 + €2) <R< nei;rl (20)
sl Vi (1 — €1, Gepr1 + €2) e

for any t > Ty, 1 € (0,€1), €2 € (0,€).

By consequence, this statement still holds if we replace condition 3, % = 00
in (20) by

1 D
R <limsupD{ or R < ;;1. (21)

t—o00 t

2. Let limsup,_, . Dgl < 00. Condition (B) in Theorem 2 is satisfied if there exist
€1,6 > 0 and Ty such that

Vi(l—e € D ne’
7 ( 15 Je41 + €2) < min( t+1 41

; t>1Tp, 6 € (0 € (0,&).
‘/Qt(lfélyge,t+1+€2) D, eV )fOT’ any 0, €1 € (0,€1), €2 € (0,6)

(22)

Proof. See Appendix B.2. O

Let us now explain Condition (B). Looking at (18), the value X in (18) represents
the expected interest rate when the saving rate equals €. The intuition of condition
(B2) is that when the saving rate % is lower than the threshold €, the expected interest

rate R;,q will be lower than X, . Then the present value of the asset 7,5, R1 will

D,
be higher than >272, XX,

Lemma 6 shows more intuitions of Condition (B). For instance, condition (22)
indicates that the saving rate is bounded away from zero if the interest rates with a
small trade are lower than the dividend growth rates and the growth rate of aggregate
endowments of young people.

Once the saving rate is bounded away from zero, Theorem 2 shows that every
equilibrium is bubbly if and only if >77°, n%t%’ < 00, i.e., the ratio of dividend to
aggregate endowment of young people is vanishing in the long run. Note that condition
pDrad] n?etf < o0 is necessary for the existence of a bubbly equilibrium (see Proposition

R

= 00, which is impossible.

3’s point 1). Here, we go further by showing that every equilibrium is bubbly if we
add Condition (B) in Theorem 2.
We now present several applications of Theorem 2 and Lemma 6.

Corollary 4 (bounded economy). Let the first assumption in Theorem 2 and one of
the two following situations be satisfied.

1. The utility and endowments are time-independent, i.e., U'(x1,22) = U(x1, 1)
and e} = eV, e = e° for any t. The benchmark interest rate R* is low in the
sense that

Uy(e¥, e’ 1
R = 1(6760) < min (hm sup D;,n) (23)

t—o00

&
—
9]
=
D
~—
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2. The utility U'(x1, x3) = u(z1) + Bv(xa) for any x1,x2. The endowments satisfy
e) =€ >0, el €lee| for any t. The benchmark interest rate R* is low in the
sense that

u'(e)
Bv'(e°)

_ 1
R= < min <lim sup D{, n> (24)

t—o0

Then, Condition (B) holds. Therefore, every equilibrium is bubbly if and only if
pIrady % < 00. Bvery equilibrium is bubbleless if and only if Y72, % = 00.

Proof. See Online Appendix 3. ]
We now allow for endowment growths.
1 ney
Corollary 5. 1. Let the first assumption in Theorem 2 and lim sup Dy, lim sup —5+ <
t—00 t—»00 t
Vlt(zlsz) _

00. Assume also that the function Viorm) = f(z1, ) for any t,x1,x9. Then
2 )
Condition (B) holds if one of the following conditions is satisfied.

(i) There exist R > 0, €1,€é > 0 and Ty such that

y D
J(1—€1,gesi1 +6)<R< netyﬂ and » = =00 (25)

€t s>1

forany t > Tp, €1 € (0,6), € € (0,&).
(i1) Assumption 3 holds and

. €41 . . 1o onely

f(LhItiigp o ) < R < min <1151Li21p1?§,h%r_1>£f o7 ) (26)

1—0o 1—0o
2. Assume that U'(z1,xq) = 1117011 + ﬁ{aj where a1,09 > 0. Condition (B) holds if

lim sup,_, Dgzl < 00, and there exist €;,€2 > 0 and T such that
( y)az—m( :t;l + 62)02 mi (Dt-‘rl neg—&-l) (27)
t (1 — 61)01 - Dt ’ 6?

foranyt > T, e € (0,61), €2 € (0,€).

Proof. See Online Appendix 3. Ol

Corollary 6 (Theorem 2 in Hirano and Toda (2025a)). Let n = 1. Let the first
assumption in Theorem 2 and the followng assumptions be satisfied.

Assumption 2 in Hirano and Toda (2025a): G = lim; e eiff € (0,00), w =

limy 00 % € [0, 00).
Assu;nption 3 in Hirano and Toda (2025a): the so-called forward-rate function fi,
defined by
Ui(e{wy,efxa)  Vi{(w1,29)
Uj(efar, efxs) — Vi(x1,2)

fe(wy, 2) =
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uniformly converges in the sense that there exists a continuous function f : R,y xR, —
R such that for any nonempty compact set K C Ry 4 xRy, we have limy 0o SUP(,, 4 ve ke | fi(x1, x0)—
f(x1,29)| = 0.

If
f(1,Gw) < G4 = lim Suth < Jlim tzl, (28)
t—o00 et

then all equilibria are bubbly and liminf, . % > 0.

Proof. See Appendix B.2. O]

Some observations are worth highlighting. If the endowment sequences (ef), (¢?)
are uniformly bounded away from zero and from above, condition (27) can be easily
satisfied (if Dé—tl and n are high).

However, when e — oo (for instance, ef = G* with G > 1), then the preferences’
parameters oy, 09 play an important role. Let us consider two cases. First, if oy < 071,
condition (27) can hold in many cases. Second, if o5 > o1, then (e})7277* diverges to
infinity. So, condition (27) is in general not satisfied.?® Moreover, we observe that the
statement 2 of Theorem 2 may not hold. Indeed, assume that lim sup,~ ., = Dt“ < 00, and

fl = g. > 0 for any ¢t. Then, the benchmark interest rate R}, , = (ef)7~ "1(%)
(e7)72771 g2, This implies that B }f.itl converges to zero. Therefore, >, , R*D

By Prop081t10n 4, there exists a bubbleless equilibrium.

R*<OO.

Corollary 7. Assume that U'(z1,x9) = In(z1) + Bln(xs) where B > 0. In this case,

the benchmark interest rate is Ry, | = Lf;&l %
t
: Biyy : . e D,
If limsup,_, o, 7 < 1 (or, equivalently, lim sup,_, ., —— el niel = &

where a > 1, then Ctondz'tz'on (B) in Theorem 2 holds. Moreover, every equilibrium is
bubbly and liminf,_, % > 0.

A detailed proof of Corollary 7 is presented in Online Appendix 3. In Corollary

t

7, we have 35>y ——
nte;

nte?

we can Check that lim; .o R

i1 R’{---R;‘ = oo which violates condition (12).

< oo, which violates the no-bubble condition (10). Moreover,

= oo which violates condition (11). We also have

We next provide a generalized version of Theorem 2, where the saving rate is not
necessarily bounded away from zero.

Theorem 3 (a generalized version of Theorem 2). Let Assumptions 1, 2 be satisfied. B
Assume the so-called Condition (B): there exist € € (0, 1), positive sequences (V4 )e, (Xt)t, (X¢)t,
and a date T' satisfying v € (0,1) and the following conditions:

D,

1. (Not-too-low dividend condition) > 7°, X 0.
X,

23In this case, Assumption 3 in Hirano and Toda (2025a) is not satisfied because their function f
is not well-defined.
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Yy
2. (Low interest rate conditions): 2(a): X1 < n% Vt > T. (2b): For

€tV

anyt > T, if e € (0,€) and X € [0, X, 1] satisfy X = gg::’;zjjﬂiﬁim, then
X < Xpi1.

Then, for any equilibrium, we have lim inf;_, o ﬁ > 0. If we assume, in addition, that
t

p Iy %y‘% < 00, then every equilibrium is bubbly.
t

We can prove Theorem 3 by using the same argument in the proof of Theorem 2 (for
details, see Online Appendix 3). To illustrate Theorem 3, assume that U'(xq,z3) =
In(c1) + Biln(ce), where B, > 0, and €7 = 0 for any ¢. Then, there exists a unique

equilibrium and it is determined by a; = %e?. This unique equilibrium is bubbly

if and only if >, %ey < o0. This condition can be fulfilled even if the saving rate
21 By

T ftﬂt converges to zero.

4.3.1 Comparison with the existing literature

Theorems 2 and 3 are related to Proposition 1.c of Tirole (1985) in an OLG production
economy and Theorem 1 in Pham and Toda (2025b) where they claim that, under
mild conditions, there exists a unique equilibrium and this is asymptotically bubbly
(see Pham and Toda (2025b) for a review on this issue). However, Pham and Toda
(2025a,b) raise some concerns in the analyses of Tirole (1985) and Theorem 1 in
Pham and Toda (2025b) restores Proposition 1.c of Tirole (1985). It should be
also noticed that although we consider an OLG exchange economy, we work under
non-stationary endowments while Tirole (1985), Pham and Toda (2025a,b) consider
an OLG production economy with stationary production function.

Theorem 2 in Hirano and Toda (2025a)’s Section IV also considers an OLG exchange
economy like our model and proves, under some assumptions, that every equilibrium
is bubbly and liminf, .., a;/ef > 0. However, Hirano and Toda (2025a)’s Theorem

. . . . Ey
2 requires the convergence of grow factors in the long run (i.e., lim; %yl € (0, 00),

limy o0 :—Z € [0,00)) and the uniform convergence condition of the so-called forward rate
function tft. We do not require these convergences in our Theorem 2. Roughly speaking,
we only require the boundedness of some exogenous variables. Moreover, we go further
by establishing stronger conclusions (namely, statements (3) and (4) in Theorem 2)
under weaker conditions. In Corollary 6, we prove that Theorem 2 in Hirano and
Toda (2025a) is actually a consequence of our Theorem 2. Note that Hirano and Toda

1 ey .
(2025a)’s Theorem 2 does not apply for the case limsup, ,,, D/ = lim;_,o —* while
t
our Theorem 2 can be used for this case (for instance, in Corollary 7, take n = 1 and
T ey . .
efl,1 = e} Vt, we have D, = tia and lim sup,_, (Dt> " =1 =limy_, 5+, which violates
t

condition (20) in Hirano and Toda (2025a).

Another added value is that we provide a generalized version of our Theorem 2,

which is Theorem 3, showing conditions under which every equilibrium is bubbly even
if the ratio of the asset value to the endowment converges to zero.
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4.4 Full characterization under stationary endowments

When utility functions and endowments are time-independent, we have the following
result showing the full characterization of the equilibrium set.

Theorem 4. Let Assumptions 1, 4 be satisfied. Consider stationary endowments, i.e.,
el =e¥ > 0,el =e° >0 for anyt. Denote R* = () the interest rate in the economy

. — pv'(e°)
without assets.

D,

1. If R > n (high interest rate condition) or 3272, —
n

condition), then there exists a unique equilibrium and this equilibrium is bubbleless.

= 00 (not-too-low dividend

D
2. If R* < n and X0, dy = Y0, =+ < 0o, then one of the following cases must
n

t
hold.

(a) There exists a continuum of equilibria. The set of equilibria is a compact
interval [a, a].
i. For ag € (a,al, the equilibrium is bubbly.
ii. For ag € [a,a), the equilibrium satisfies (ay, by, Ry) — (0,0, R*).
iti. For ag = a, the equilibrium satisfies (as, by, Ry) — (a,a,n), where a > 0
is uniquely determined by u'(e¥ — a) = pnv'(e® + na) (i.e., n = g(a)).
(b) There exists a unique equilibrium. This equilibrium is bubbly and (a, by, Ry)
converges to (a,a,n) where & > 0 is uniquely determined by u'(e¥ — a) =
pnv'(e® +na) (i.e., n = g(a)).

Moreover, the following claims hold.

Claim 1: If R* <n and 375, (}?—f)t < 00, then the statement 2a is true.

D 1
Claim 2: If R* <mn, >;2, —tt < o0 and R* < limsup,_,., D}, then the statement
n

2b is true.

D
3. If R* = n and Zg‘il—f < 00, then there exists a unique equilibrium. This
n

equilibrium is bubbleless and (at, by, Ry) — (0,0,n).

Proof. See Appendix B.3. O]

Theorem 4 explores the equilibrium set and the asymptotic properties of asset
prices in all possible cases (see Online Appendix 5 for an explicit model with logarithmic
utility function). This is an added-value with respect to the literature and the previous
results in the present paper. We observe that the equilibrium set depends on the
interplay between the return of the economy without asset R*, the population growth
factor n and the dividend growth rates.

We now discuss how our Theorem 4 is related to the existing literature. First,
Theorem 4 corresponds Proposition 1 in Tirole (1985), who studies the asset price
an OLG model with dividend-paying asset and production. However, the proof of
Proposition 1 in Tirole (1985) contains some concerns (see Pham and Toda (2025a)
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for a more detailed discussion). Our Theorem 4 provides a full characterization of the
equilibrium set in an exchange economy with stationary endowment, non-stationary
dividend. Note that Tirole (1985) assumes that D; = 1 and did not study the case
R* =n.

Since three cases in Theorem 4 are mutually exclusive, we obtain an important
result.

Corollary 8. Let Assumptions 1, 4 be satisfied. Consider the case of stationary
endowments, i.e., ef =e¥ > 0,ef =e° >0 for any t.

There exists a bubbly equilibrium if and only if the two following conditions hold:
(1) R* <m, and (2) Y2, dy = 302, % < 0.

When there exists a bubbly equilibrium, part 2 of Theorem 4 shows that either
there exists a unique equilibrium (and this is bubbly) or there exists a continuum
of equilibria (bubbly and bubbleless equilibria co-exist). Then, Claims 1 and 2 of
Theorem 4 provide conditions under which each case must happen.

Claim 2 in Theorem 4 is related to our Theorem 2 above, Proposition 1.c in Tirole
(1985), Theorem 2 in Hirano and Toda (2025a), Theorem 1 in Pham and Toda (2025b).
Here, our added value is to provide the uniqueness and asymptotic properties of
equilibrium under general dividends but a stronger assumption (namely, stationary
endowment and exchange economy).*

5 Pareto optimality

In this section, we investigate the Pareto optimality. Let us start by providing a formal
definition (see Balasko and Shell (1980) for instance).

Definition 7. Let ¢/ > 0 and (d;){2, be an exogenous non-negative sequence and
Ny =n' > 0 for any t. A feasible allocation path is a positive sequence (cf,c)i>o
satisfying

Nic! + Ny} = Neel + Ny_qef + D, (ie., ¢ + G _ el + & +d;) for any t.
n n

A feasible allocation path is said to be Pareto optimal if there is no other feasible
allocation path (c',c?); such that Ut (ctyl,ctojrl) > U (cty,cfH) for any t > —1, with
strict inequality for some t.

Assumption 5. The function U' is strictly concave, continuously differentiable, strictly
increasing in each component.

As in Proposition 5.3 in Balasko and Shell (1980), we have the following result
(whose detailed proof is presented in Online Appendix 6).

24Gection 5 in Hirano and Toda (2024b) studies the case where the utility is homogeneous of degree 1
and e/ = aG', e? = bG!, D, = DGY, where a, G, D, Gy are positive constant. However, their approach
cannot be directly applied to our setting because we only impose very minimal conditions on the
dividend sequence and our utility function is not necessarily homogeneous of degree 1. Moreover,

1
Section 5 in Hirano and Toda (2024b) studies neither the case R* = n nor limsup,_,., D/ = n while
our Theorem 4 covers these cases.
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Lemma 7 (Sufficient conditions for Pareto optimality). Let Assumptions 1, 5 be
satisfied. Consider a feasible allocation (c¢f,c);>0. Define the sequence (R;)i>o0 by

Uf(ctya C§+1)

= foranyt > 0. 29
US(el i) 2

Rt+1 =

The path (¢}, )0 is Pareto optimal if lim inf ﬁci’ =0.

To prove this result, the idea is to construct support prices (Malinvaud, 1953; Cass,
1972), which are in our setting.

TLt
Ry1-Re
Corollary 9. Let Assumptions 1, 5 be satisfied. Consider an equilibrium. Assume

that liminf, o Ry > n and sup,sq(ef + % +d;) < oco. Then, this equilibrium is Pareto
optimal.

Proof of Corollary 9. When liminf, ,., R; > n, we have that P, = Rl’_‘i_t_Rt converges to

zero. Since ¢f < ef + % + d;, which is uniformly bounded from above, we obtain that
Pic! converges to zero. So, we have the Pareto optimality. Ol

A natural question arises: can an equilibrium still be Pareto-optimal if the conditions
stated in Lemma 7 or Corollary 9 are not satisfied? It is well known that (see, for
instance, Okuno and Zilcha (1980), page 802) this question is, in general, difficult. To
address this issue, we extend Okuno and Zilcha (1980) and Balasko and Shell (1980).

Consider an equilibrium allocation (¢f, ¢f);. Denote, for each ¢t > 1,

1 n
=—— - PBP=—-—- 30
Qt Rl"'Rt7 t Rl"'Rt ( )

In equilibrium, we observe that

Uf(cg7cw?+l) = Riuy = Q: P _ n
Ué(cty76§+1)

Qict + Quirclyy = Quel + Qurel iy,

Denote ¢; = ef + %g + d; the aggregate good supply per capita at date ¢.

We now introduce the notions of strictness and smoothness used by Benveniste
(1976), Okuno and Zilcha (1980), which are closed to the notion of Gaussian curvature
used by Balasko and Shell (1980).

Definition 8. Given an equilibrium allocation (cf,c)):, the upper contour of the t-th
generation is given by By(c) = {(cgt/,cf;l) eR2 U, &) > Ut(cgt’,cfﬂ)}.

1. We say that this allocation satisfies the so-called "uniform strictness condition”
if there exist h € (0,1] and i > 0 such that, for anyt,

o o / ) / 2
Pia(en = ciu) +nPel =) = oo (nPilel =) (32)

V(e 1) € By(c) satisfying (1 — h)c} < < >l
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2. We say that this allocation satisfies the so-called "uniform smoothness condition’
if for each x > 0, there exists 01(x),0s(x) > 0 such that, for any t, if the couple

(e, 1) satisfies

2

Y y' Yy !
xep < ¢ < ¢, <y < negpy
2 ’
o 0 Yy y 02(x) o’ 0 01 () y Y
Pl — ¢fa) +nbi(c) —df) 2 Piicy Py — 1)) + nPicl nPy(ci — )
(33)

then (ci’/,cto;l) € By(c). i.e., Ut(ci/,c;’jrl) > UM, c),q).

The notion of strictness in Definition 8 is similar to (but weaker than) that in
Okuno and Zilcha (1980)’s Definition 10. Our notion of smoothness is quite different
from the smoothness in Definition 11 in Okuno and Zilcha (1980) (indeed, Definition
11 in Okuno and Zilcha (1980) corresponds to our case with fy(z) = 0).

Note that Okuno and Zilcha (1980) did not provide explicit conditions to ensure
the uniform strictness and smoothness. Since the uniform strictness and smoothness
conditions are quite implicit, a natural issue is to justify them. Observe that (32) is
equivalent to

/ ’ /L ’ 2 ’ / ’
Us(etia = ch) +Uilel =) 2 g (Ul =) (e, cfiy) € Bile), & <}
t

while the second inequality in (33) becomes
0a(x)
v'(c2y1) et

The following results justify the uniform strictness and smoothness conditions by
proving that they can be satisfied in a large class of models.

(o) (=) eyt =)
u/(cf )

!
V(i) (e —clyn) () (el —ct) >

Lemma 8 (checking the uniform strictness condition). Assume that U'(x1,x9) =
u(w1) + ve(w2) where the two functions ug,ve : Ry — R are in C?, strictly concave,
strictly increasing.

1. Any allocation (cf,c); with ¢f > 0,¢0 > 0 for any t, satisfies the uniform
strictness condition if there exists h € (0, 1] such that

Y
. Cy . _1 "
wt (ot it (= 5ul@) | >0

2. If uy(c) = ¢~ with o > 0, then any allocation (¢}, ) with ¢/ > 0,¢ > 0 for any
t, satisfies the uniform strictness condition.
Lemma 9 (checking the uniform smoothness condition). Assume that U'(z1,29) =

wi(w1) + ve(w2) where the two functions ug, vy : Ry — R are in C?, strictly concave,
strictly increasing.

1. Any allocation (cf,c?); with ¢ > 0,¢f > 0 for any t, satisfies the uniform

smoothness condition if for each x € (0,1), we have
y
G

_ 1 _ 0 1
M, = sup {7 sup (—fu;’(c)) }, = sup{ Cti1 sup (—fvg(c))} < 00.
t>0 2

/(.Y /(.0
t>0 ut(ct) c€lzc Y] 2 Ut(ct—H) c€lef, 1 me1]
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2. Assume that u,(c) = T and vi(c) = yc 7 with o > 0,7 > 0 for any t.

Then any allocation (¢f, ), with ¢ > 0,¢0 > 0 for any t, satisfies the uniform
smoothness condition.

The proofs of Lemmas 8 and 9 can be found in Online Appendix 6. They are
basically based on the Taylor’s expansion and the concavity of the functions wu,,v;.
Conditions in Lemmas 8 and 9 can be satisfied in many cases. For instance, condition
(1) in Lemma 8 is satisfied if the function u; does not depend on ¢t and 0 < ¢ < ¢f <
¥ < oo for any t.

We now state the main result of this section, which is similar to Theorem 3A and
Theorem 3B in Okuno and Zilcha (1980) and Proposition 5.6 in Balasko and Shell
(1980).

Theorem 5. Let Assumptions 1 and 5 be satisfied. Consider an equilibrium with the
allocation (c¢f, ), and the interest rates (Ry);.

1. Assume that the equilibrium allocation satisfies the uniform strictness condition
in Definition 8. Then, this equilibrium allocation (cf,c?); is Pareto optimal if

1 ‘ Ry-- R,
%foo (i.e,>

t
>1 n-es

= ). (34)

2. Assume that the equilibrium allocation (c{,c})¢ is Pareto optimal and satisfies the
Y
uniform smoothness condition in Definition 8. Assume also that liminf; . Z—tt >

0, lim sup,_, ., % < 1, liminf, % > 0. Then, we have
1 Ry---R
Y — =00 (i.e.,z% = 00). (35)
t>1 Fe, >1 Ve
Proof. See Online Appendix 6. O]

Okuno and Zilcha (1980) present an example of Pareto inefficient equilibrium which
satisfies condition (35) to show the importance of the uniform strictness condition
in Theorem 5. Balasko and Shell (1980) introduce the so-called properties (C) and
(C’) which require the boundedness from above and away from zero of the Gaussian
curvature (a fundamental concept in differential geometry) of households’ indifferent
surface through their equilibrium consumption at any date.? Properties (C) and (C’)
are respectively related to the uniform smoothness and strictness conditions in Okuno
and Zilcha (1980) and in Definition 8 above.?°

25See Bonnisseau and Rakotonindrainy (2016) for a direct and more geometric proof of the
Balasko-Shell characterization of Pareto optimal allocations in a OLG exchange economy with a
varying number of commodities and consumers per period and possibly non-complete non-transitive
preferences. After the first version of our paper was posted on Arxiv on August 5, 2025 (link:
https://arxiv.org/abs/2508.03230v1), we became aware of a more recent paper (Toda, 2025), in which
Proposition B.2 provides a version of Theorem 5’s point 1 under different assumptions. In particular,
his Proposition B.2 requires constant population (N; = 1) and bounded endowments (sup, e; < o)
while we do not.

26See Footnote 8 in Okuno and Zilcha (1980) and Footnote 9 in Balasko and Shell (1980).
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Okuno and Zilcha (1980) and Balasko and Shell (1980)’s assumptions are different
from ours. Indeed, households in their models consumer L goods at each date while
we assume L = 1. They require the boundedness (above and away from zero) of
endowments and while we do not require this assumption. Moreover, the uniform
smoothness and strictness conditions in our paper seem to be more explicit and can
be verified by using elementary calculus (see Lemmas 8 and 9) while the conditions
in Okuno and Zilcha (1980) and Properties (C) and (C’) in Balasko and Shell (1980)
are quite implicit. However, the most important difference is that we introduce the
dividend-paying asset to study asset bubbles and this generates new insights that we
will present in next sections.

Theorem 5 leads to an interesting consequence showing the importance of the
benchmark interest rate on the Pareto optimality.

Corollary 10. Let Assumptions 1, 2, 3 be satisfied. Assume that

SRR

t
>1 n-eg

(This means that the benchmark interest rate, Ry, , is higher than the product of
population growth rate (n) and the endowment growth rate ei1/e;.)
Then every equilibrium satisfying the uniform strictness condition is Pareto optimal.

Proof. By Lemma 1, we have R, > Ry for any ¢. Then, for any equilibrium, we have

R R R*... R*
Dot % > > % = 00. Applying Theorem 5’s part 1, any equilibrium
= nle = nle

t t
satisfying the uniform smoothness condition is Pareto optimal. Ol

6 Connection between asset price bubble and Pareto
optimality

In this section, we investigate the interplay between asset price (with or without
bubbles) and Pareto optimality. We should start by pointing out that the notions
of asset bubbles and Pareto optimality are different. Indeed, the existence of bubble

is equivalent to limy_,. R?_tf”;%t > 0 while the Pareto optimality is, in many cases,

equivalent to (35), i.e., Y1 ert.f.ft -

We now look at the bubbleless and Pareto optimal equilibrium.

Proposition 6. Let Assumptions 1, 2 be satisfied.

1. An equilibrium is Pareto optimal and bubbleless if li}r_l)inf Rl’ft_Rt e =0.

2. Fvery equilibrium is Pareto optimal and bubbleless if the dividends are significant
in the sense that limsup,_, g—f, > 0.
t

Proof. See Appendix C. O]
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The insight in point 2 of Proposition 6 is that a significant level of dividends makes
the market economy Pareto optimal. This is in line with Propositions 5 and 8 in Le
Van and Pham (2016) in a model with infinitely live-agents. The difference is that we
work under non-stationary OLG exchange economy and study the Pareto optimality
while they consider general equilibrium models with infinitely-lived agents and study
the dynamically efficiency in the sense of Malinvaud (1953). Point 2 of Proposition 6
is also in line with Proposition 1 in Rhee (1991) in an OLG model with land, where he
proves that an economy is dynamically efficient if the income share of land does not
vanish.

By combining Proposition 3 and Theorem 5, we obtain the following result which
deepens our understanding regarding the role of dividends and the benchmark interest
rates.

Proposition 7. 1. Let Assumptions 1, 2 be satisfied. Any equilibrium, which satisfies
the uniform strictness condition, is bubbleless and Pareto optimal if

oo Dt

t
=1 en

(Non-negligible dividend condition): = 00. (36)

2. Let Assumptions 1, 2, 8 be satisfied. Fvery equilibrium is bubbleless and Pareto
optimal if

t oy
(High interest rate condition): — lim ne 0. (37)

t—oo R% ... Rf

If we add Assumptions 4, then there exists a unique equilibrium. This is Pareto
optimal and bubbleless.

Proof. See Appendix C. O]
The following result shows the importance of the asset value on the Pareto optimality.
Proposition 8. Let Assumptions 1 and 2 be satisfied.

1. An equilibrium is Pareto optimal if it satisfies the uniform strictness condition
and the asset value is significant (in the sense that limsup,_, . o> 0).

2. An equilibrium is Pareto optimal if it is bubbleless and the saving rate is bounded
away from zero (i.e., liminf, % >0).
t

Proof. See Appendix C. O

Point 1 of Proposition 8 shows the optimality of equilibrium, whatever it is bubbly
or bubbleless. Moreover, Condition (B) in Theorem 2 implies that lim inf,_,., % > 0.
t

If we assume Condition (B) and limsup,_, % > 0 (i.e., young people has a significant
endowment), then limsup, . ¢ > 0. By consequence, under Condition (B) and

lim sup, _)oo% > 0, Proposition 8 implies that an equilibrium is Pareto optimal if
it satisfies the uniform strictness condition or it is bubbleless.
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Recall that Lemma 8 shows that the uniform strictness condition is easily satisfied
in a large class of models. Therefore, our results suggest that Condition (B) and the
property that the asset value is significant is very important play a crucial role on the
Pareto optimality.?” It should be noticed that in Theorem 6’s part 2a below, we show
some cases where the equilibrium is not optimal and lim;_, Z—té = limy_, :—: =0 (by
Claim 1 and point 2(a)ii of Theorem 4).

So far, we have presented some sufficient conditions for the Pareto optimality. We
now show how an equilibrium can be not Pareto optimal. We show that this may
happen when there are continuum of equilibria with bubbles.

Proposition 9 (Equilibria are bubbly and not Pareto optimal). Let Assumptions 1,
4 be satisfied. Assume that there exists a continuum of equilibria (this may happen as
in Theorem 1 or Claim 1 in Theorem /).

Then, the utility of households born at any date is strictly increasing in the initial
asset value. By consequence, any equilibrium ay satisfying ap < ag = max{a € Ay}
is not Pareto optimal. So, there exists a continuum of bubbly equilibria which are not
Pareto optimal.

Proof. See Appendix C. O

Our proof of Proposition 9 is not based on Theorem 5. Moreover, it offers detailed
information as it shows us the ranking of houesholds’ welfare generated by several
equilibria.

In the case of stationary endowment, by combining Theorems 4 and Theorem 5,
we have a fairly complete characterization.

Theorem 6. Let Assumptions in Theorem 4 be satisfied.

1. If R* > n, there exists a unique equilibrium. This equilibrium is bubbleless and
Pareto optimal.

2. If R < n and 35 (}?—j)t < 00, then there exist a continuum of equilibria. The

set of equilibria is a compact interval |a, a).

(a) Any equilibrium with initial asset value ay < a is not Pareto optimal. In
particular, the bubbleless equilibrium ag = a is not Pareto optimal.
Any equilibrium with ag € (a,a) is not Pareto optimal, bubbly but asymptotically
bubbleless.

(b) The mazimal equilibrium ay = a is asymptotically bubbly and Pareto optimal.

D 1
3. If R* < n, Z;’il—: < oo, and R* < limsup, . D/, there exists a unique

equilibrium. This equilibrium is asymptotically bubbly and Pareto optimal.

27 After the first version of our paper was posted on Arxiv on August 5, 2025, we became aware
of a more recent paper (Toda, 2025), in which Theorem 1 establishes conditions under which every
equilibrium is asymptotically bubbly and Pareto optimal. This is related to Proposition 8’s point 1
and Theorem 6’s point 3 below. However, his assumptions (namely, 1, 2, and condition (2.16)) differ
from ours.
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Proof. See Appendix C. O]

According to Theorem 6, when the benchmark interest rate is low, i.e., R* < 1 and
the dividends are low (i.e., >-, d; < 00), only the asymptotically bubbly equilibrium can
be Pareto optimal. This point is consistent with the traditional insight (see Proposition
2 in Tirole (1985), which claims that in the case of low interest rate (R* < n) and
d; = %, only the asymptotically bubbly equilibrium is Pareto optimal). Tirole (1985)
considers a specific form of dividend (i.e., d; = %) and by consequence does not analyze
the role of dividend growth. More importantly, Tirole (1985) does not provide a formal
proof for his Proposition 2.

However, the following explicit model shows that when the interest rate in the
economy without asset is low, an equilibrium which is Pareto optimal can be bubbly
or bubbleless.

Proposition 10. U'(z, z2) = In(xy)+ in(zz) where B € (0,1), and €2 =0 for any t.
There exists a unique equilibrium, which is determined by % = a; = %e%’.%
This equilibrium s Pareto optimal.

1 If 3oy ZTB < oo (i.e, Y2, n?etf < 00), this equilibrium is asymptotically bubbly.
2. If Yo ed—g; =00 (i.e, Y52, n%g = 00), this equilibrium is bubbleless.

Proof. See Online Appendix 6. Ol

In Proposition 10, the interest rate in the economy without asset equals zero,
ie., Rf = 0 for any t. However, the equilibrium in Proposition 10 can be bubbly
or bubbleless, depending on the growth rates of dividend and endowments. When
s g—g, = o0 (< ), the equilibrium is bubbleless (bubbly).?? However, in both
cases, it is Pareto optimal. This insight is consistent with Proposition 8’s point 1 and
complements the main point of Tirole (1985)’s Proposition 2.

7 Conclusion

We have proved that a sequence of asset prices has a bubble if and only if the ratio
of fundamental value to price decreases over time and converges to zero. Then, we
have explored the formation of the asset bubbles in an OLG exchange economy under
general assumptions. The asset price bubble, which is a phenomenon in equilibrium,
and the Pareto optimality are outcomes of the interplay between the interest rates of
the economy without assets, growth rates of endowments and dividend, and preferences
of households.

We have also studied the connection between asset price bubble and Pareto optimality.
Although both the existence of asset bubble and the non-optimality of equilibrium
allocation often happen under similar conditions, we have shown that the link between
them is not very strong. Indeed, a bubbly equilibrium may be optimal or non-optimal
while a bubbleless equilibrium may also be optimal or non-optimal.

28This equilibrium is similar to that in Section 5.1.1 in Bosi et al. (2018a) or Proposition 1 in Hirano
and Toda (2025a). See Bosi et al. (2021)’s Section 4 for other explicit models with bubbles.

29 According to the proof of Corollary 7, the model in Proposition 10 satisfies Condition (B) in
Theorem 2.
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A Proofs for Section 2

Proof of Proposition 1. We only present a proof for part 1 because part 2 is a direct
consequence of part 1 and the definition of B;.

By the definition of F; and By, we have ¢ = F; + By. So, (1) <= (l¢).

(la) & (1b). We can check, from (1) and (3), that

vt > 0. (38)

B Ha _ (1- E)%
qt qt+1 qt 7 qt+1

Fiia1

So, we see that (1b) implies (1a) because it > o

that (1a) implies (1b). Assume that there is a bubble. By (38), the sequence (5 ) is strictly
decreasing. Moreover, the existence of bubble means that limy_o Qg = limy—o le - > 0.
Then, there exists x > 0 and ¢p > 0 such that & - > for any t > .

Take t > ty. We have

implies that ¢; > F;. We now prove

F_1 Z Dyys _ R Ry Z Dy s 1 Z Dyys
G @iz B R @ R Rt+s vy R Ry
because R - > for any t > to

Recall that qo > Fo =311 Rl"' 7, - It means that the series 3,5, ﬁ converges. Thus,

Dyt . . . o
Dos>1 o R; converges to zero when ¢ tends to infinity. By consequence, lim;_ o q—: = 0.

(la) < (1d). This is Proposition 7 in Montrucchio (2004). For a pedagogical purpose,

we give a simple proof. The asset pricing equation ¢ = % implies that ¢Q; =

qr+1Qe+1(1 + Z‘:ll). By iterating, we get that gy = ¢rQr[]_ (1 + %). There exists a

bubble (i.e., lims_0 Q¢q: > 0) if and only if limp_, Hle(l + %) < 0o which is equivalent
to ZtZl Dt/gt < 0.

ﬂ
o B FO , we now present a new proof. (38) and

However, as we want prove that > ;2

~1-
qr > F} imply that F}/q; is decreasing in ¢t. In partlcular, we have Fy/q; < Fy/qo. From (38),
we get that

Bl fyDm

o ) Diy1
qt gt+1 qt 7 qt+1

= (1 B qo 7 qt+1

for any t > 0. (39)

Fo _Fr s ( _ 7) T Dy
Taking the sum over ¢, we have £o > fo i ) =1t
o)

If there is a bubble (qo > Fp), by letting 7" tend to infinity, we have Y2, 1;: < My < 00.
i

B Proofs for Section 4

Proof of Proposition 3. (1) If there exists a bubbly equilibrium, then, by Lemma 2, we

have 3°2°, D;/qr < 0o. Since ¢z¢ < ef and z; = 1/n!, we get that > 52, % <Y XD/ <
t

o0, a contradiction.

atnt

— =0.
Ry R,

(2) According to point 2 of Lemma 2, there is no bubble if and only if lim;_,
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Since a; < ef and R; > R} (by Lemma 1) for any ¢, we have

ant ntey

R R R R

for any t.

By our assumption (11), there is no bubble. In other words, every equilibrium is bubbleless.

O

Proof of Proposition 4. Consider the T-truncated economy which is defined as the economy
Eorc = Eora(Ut, (Dy)y, (€7, €9):) except that there is no activity from date T + 1 on, i.e.,
households born at date T' only consume ¢. = €. and the budget constraints of household
born at date T'— 1 are ¢._; + qr_12r—1 < €}_1,¢5 < €5+ Drzp_q, and gr =0, zp = 0.
By the standard argument, there is an equilibrium (af );<7 for the T-truncated economy.
Let now T tend to infinity and consider the product topology, there exists a sub-sequence
(tn) such that lim, ai” = a; for any t. It is easy to see that (a;),~, satisfies a;41 =

R
at% — dt+1.

By Lemma 1, we have RY > R} for any t<T.

R
Fix ¢ and let t,, > t. Since a} | = al» ==L — d 4 for any s > ¢ and a;” = 0, we have

tn—s tn—s
t n nr n n"
a = ——dgy1+ - dy, < ——dsy1+ -+ 57— —dt, (40)
* RY, ) Rs+1 Ry S Ry 1,

for any ¢t < s <t, — 1. Thanks to our assumption that ) ;~; R%fmdt = % < 00
- 1 t - 1 t
and the dominated convergence theorem, the series

tn—s

= ——dip1 + -

4+ ——d
t tn tn tn
Rt+1 Rt+1 U Rtn

-

9] n” : 0o n
converges to a; = y oo, deT < oo when n — oo. Since f; = >222, mdﬁﬁ
we have a; = fy, i.e., there is no bubble.

B.1 Proof for Section 4.2

Proof of Theorem 1. First, observe that condition (12) is satisfied if there exists T' such
that t“ d‘ >~ > 1for any t > T. Indeed, the latter condition implies that

i Riys di :>§: . <dt§ i<oofo1ranyt>T
R R . < :
ns dt+s = Rfﬂ Riys St

By consequence, Proposition 4 implies that there exists a bubbleless equilibrium.

Second, we show that we can construct a continuum of bubbly equilibria.

Let ag be such that Ady < ag < €.

Since the function K is increasing in the first component (Lemma 5) and ag < €y, we
have Ko(ag,n) < Ko(eg,n) < 0. Note that Ko(ap,0) = UP(ef — ap,e§) > 0. So, by the
intermediate value theorem, there exists Ry € (0,n) such that Ko(ag, R1) =0, i.e.,

K()(ao, Rl) = U{)(eg — ag, 6(1) + R1a0) — RlUg (eg — ag, 6(1) + Rlao) =0

Since €y > ag, we have Ky(eg, R1) > Ko(ag, R1) = 0. So, Ko(eo, R1) > 0. By condition
(iii) in Theorem 1, we have Ry < R§ < n.
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Then, we determine a; by a; = %ao — di. We observe that
Ry n
a1 =—ap—d; < €0~ d1 = €9 — dy < €1 (by condition (i) above). (41)
n

We now give a lower bound of a;. By using our assumption R} > 7%1) (i.e., %Z—? > ) and
the definition of a;, we have

Rid Rt d
@ _ Mol 45, M9 45 90 g5 1>
d1 n d1 d() n d1 do do
where we use Ry > R} (see Lemma 1). To sum up, we have Ad; < a1 < €, % > 73—8 —1.
Suppose that we can construct (ag, a1, ...,a;) with
My <as<es, >a%Tlqys<it,
ds dsfl

Let us look at date t + 1. Since a; < €, we have Ky(at,n) < Ki(e,n) < 0. Note that
Ki(az,0) = Uf(e! — at,ef,1) > 0. So, by the intermediate value theorem, there exists Ryi1
such that Ki(a¢, Ri+1) = 0. By using the same argument, we have Ry < Rf,; <nand

R n
Q41 = L — dit1 < €t div1 =€ —dir1 < €11 (42)
R d Rf, d
at+1: t+1 t@_lz( t+1 t)%—l 7_1 (43>
dt+1 n dt+1 dy n dt+1 dy dt

We have constructed an equilibrium (a;) with a; € (0,¢;) C (0,e}) with Ziﬁ > g —1land
ag/dy > A > 0 for any t.
We now prove that this equilibrium is bubbly. Define z by (v — 1)z = 1. We have

a a
@—JJZW(%—%) foranytz(),é—t—xzf(—o—x) for any t.
dt+1 dt dt dO

Notethatg—g>>\>ﬁ:x. Hence, g—g—x>0.

By consequence, we have

ag 1 1
d—>x+’y(d*_x)>'7 Z Z _ao_ 1
t i>1 @ t>0'y do ~

Therefore, -4 % < 00. It means that this equilibrium is bubbly.

O
Proof of Corollary 2. Step 1. We show that we can choose €1, €2, R > 0 such that
u'(ef —€1) _ _
m <R<nf0r any €1 S (0,61),626 (O,EQ),tZO. (44)

Indeed, since /(( )) < R < n, we can choose R, R’ € (R,n) with R’ < R and & > 0 such that

% < R’ for any t and for any €5 € (0,€). It implies that e > (u/) "1 (R'8v' (e’ +€2)) >

(u')"H(RBV'(€° + €2)) since the inverse function (u’)~! of u’ is decreasing. So, we can take
€1 > 0 such that e} —e; > (/)1 (RBV'(e° + €2)) for any €1 € (0,€1). It means that we have
(44).
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Step 2. We show that we can choose € > 0 small enough such that g;(¢) < R and
eu'(e — €) < Blimeoo cv'(c) for any € € (0,€]. Recall that the function g; is defined in
Lemma 3.

Indeed, we can choose € > 0 such that € < min(eg, e) and

e’eu’(e — €)

0< Beov! (e°) — eu/(e — €)

< €. (45)

u'(ef —e)

. Now, let € € (0,€] and X = g;(¢). By the definition of g;(€), we have X = Folerxe and
ence

(e —€) = XPv' (e’ + Xe) = B(e® + Xe)v' (e® + Xe) >

Bev'(e”)

X
e+ Xe e+ Xe

because the function cv’(c) is increasing. Since ef > e > 0, we have u/(ef —€) < u/(e — €).

Thus,

eu'(e — €)e°

/ /
XBev'(e%) <u'(e—€)(e”+ Xe) = eX < Beov'(e?) —ewle — o) (46)
Since eu’(e — €) is increasing in € and € < €, we have
— I, 2\ .0
X cule = oe < e (47)

€= Beov! (e°) — eu'(e — €)

By (44), we have X = %
€€ (0,¢€.

Since zu'(e — z) is continuous, increasing in x and lim, o zv'(e — z) = 0, we can actually
choose € low enough so that eu'(e — €) < Slim. o cv'(c).

Step 3. Take ¢, = € > 0. We verify conditions (1) and (2) in Theorem 1. First, we have
€t < €441 + dy1 because ¢ = € > 0 and dy > 0 Vt.

Recall that Assumption 4 allows us express R, as an increasing function g;(a;) of a; (see
Lemma 3). We now verify that: K;(e;,n) < 0 (this condition implies that there exists Rf,
such that 0 < Rf,; < n and Ky(¢;, Rf) = 0). Indeed, with our separable utility function, the

function K; in Definition 6 becomes

< R. It means that g:(¢) < R < n for any t and for any

Ki(a,R) = Uj(e} —a, €}, + Ra) — RUS (e} — a, e, + Ra) = /(] —a) — RBV' (e}, + Ra).

By the definition of ¢; (see Lemma 3), we have Ky(e, gi(€;)) = 0. Since the function Ky (e, R)
is strictly decreasing in R, condition g;(e;) < n implies that K;(e;,n) < 0.

By the definition of g;(¢;) and Rf,, we have g;(e;) = Ry

Next, we prove that: If R satisfies K;(e;, R) > 0 and R < n, then R < Rf, ;. Since
the function Ky(e;, R) is strictly decreasing in R, condition K;(e;, R) > 0 implies that R <
ge(er) = R, ,. We have finished our proof.

We now verify condition (2) in Theorem 1. Take v € (0, C%) and dg, A, so that v > 1+ %,
Ady < €. Then

R;karl R Gd t _
@Zad>’yand/\dt§)\do(?) < Ao <€
t

where we use dfi—jl < % for any t and G4 < n. We have finished our proof.
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B.2 Proof for Section 4.3

Proof of Theorem 2. Part 1. We need to prove that lim inf;_, Z—qﬁ > 0 for any equilibrium.
t

Let € € (0,1), positive sequences (X;) and (X;), and a date T be in Condition (B).
Take an equilibrium. Suppose that liminf; . Z—; = 0. Then there exists tyg > T such
t
that af, = :% < €< 1. So,0<ay < efo. By consequence, we have the Euler condition.
to

to

Vl (1 - afov Ge,to+1 + Rto+1a§0)
to

‘/2 (1 - attz(ﬂ ge7t0+1 + Rt0+1a§0)

= Ry (48)

y
€

By our condition (B2), we have Ry+1 < Xy+1. Since Xy11 < n eoty“, we have Ryy41 <
0
“t1 Combining with th bit diti diyi1 = ag, 2ot t
n?. ombining wi e non-arbitrage condition az 41 + dig 41 = ag, —o—, we ge
R; el a a
o+1 to+1 _ Yo+l to —
ary4+1 < ag, <ap—%5— = aj 1 = 35— < o =ap, <E (49)
n Cio Cto+1 Cio
Therefore, by induction, we have, for any t > t,
af_H < af <€ Rip1 <Xy (50)

This implies that Re,41 - Rt < Xtyq1 -+ Xy for any ¢ > tg. We now look at the fundamental
value

D > D - D,

=) >——==) 5——F + . (51)

;Rl...Rt ;Rl”'Rt t:%IRl'”RtoRtoH'“Rt

. _ D
Consider the second term Ag = 3772, 14 W. We have
1 > Dy 1 > Dy
Ag= ———— > —_— 52
0 Rl"‘Rtot:tZO;rlRtoH”'Rt_Rl"‘Rtot:tzO;r1Xto+1“'Xt (52)
XX > D

=21 ! 00 (53)

Ry Ry, Nl X X,
because of our assumption (B1), i.e., > 72, ﬁ = oo.

This implies that Fy = oo. Since ¢y > Fy, we have gy = oo, a contradiction. We have
finished our proof.

Parts 2 and 3. Let the condition in the first statement be satisfied. According to part
1 of Theorem 2, any equilibrium satisfies lim inf;_, .o g—tﬁ > 0. By combining with Lemma

2’s point 2, condition liminf; oo % > 0 and our assumption > n?éy < o0, we have this
t t

equilibrium is bubbly.

If 3272, n?—efg = 00, then > 72, % >3 n%f = 0o. Lemma 2’s point 2 implies that this
equilibrium is bubbleless.

Part 4 is a direct consequence of Parts 2 and 3. O

ne

Proof of Lemma 6. Point 1. Take ¢ty and X be such that X >
X; = X. Take € € (0,1) be such that € < & and Xé < é&.

Y
tH for any t > tg. Define
t

(&
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Define X; = R for any t. Then, we have Xy < n—— Hl vt > Tp.
t _
Define T' = max(to, Tp). Now, take any t > T, € € (0,€) and X € [0, X;41] so that

VI (1 =€, gest1 + Xe)

X = .
Vi (1 —¢€, gest1 + Xe)

Since Xe < Xé < & and € < €, we have X < R = X;,1.

D D
We now have 37,51 %", = 2i>1 7f = 0

1
The last step is to prove that >, % = o0 if R < limsup,_,., Dy or R < Dé—:rl for any
t>T.
Assume that R < D{)—tl for any ¢t > T, we have, for any s > 1,

RS < Dry1 Drys _ DT+5.
Dy Drys—1 Dr
This implies that gﬁg > . Taking the sum over s, we get that > ;-4 X1 < = =D i>1 % =

0.
1
Assume now that R < limsup, ,,, D/. Then, there exists an infinite and increasing
1

sequence (ty)r>1 such that R < DZE for any k and ¢; > 7. This implies that Dy, > R'. So,
D D,
Y1 Rt 2 k>l R*?E = 00.

Point 2. Assume that limsup,> D‘“

ney
< o0, limsup,> —5— < o0.

Let to and X be such that X > D{)tl, t“ for any t > to. Define X; = X for any t.

Yy _
Then define X;+1; = min D‘“, ety“ for any t > ty and X; € (0, X;) for any ¢t < t3. Then
+ D;

y
X1 < X and X, < n— for any t > tg.

Take € € (0,1) be such that € < & and X < &. We define T = max(to, Tp)-
Now, take any t > T, € € (0,€) and X € [0, X;41] so that

¥ V(1 =€, gest1 + Xe)
V(1 =€ gepr1+ Xe)

(55)

Since Xe < Xé < & and € < €, we have X < Xy

Since X1 < Dg:l for any t > T, we have X1--- Xo0Xpy1--- X1ps < Xp-- -XTDDT;S,
which implies that ;-4 ﬁ = 00. We have proved our result. O

Proof of Corollary 6. Recall that Hirano and Toda (2025a) considers n = 1. It suffices to
check Condition (B) and > 72, % < 00, then, by applying our Theorem 2’s point 2, we get
t
the result. ) .
Step 1. We prove that: G4 = limsup,_,.. D} < G = lim;_,0o E?f
(19) for the case n =1, i.e., > 52 %} < 0.

implies our assumption

1 Y
Let a,b be such that G4 < a < b < G. There exists a date tg such that D} <a <b < et—?;l
for any t > tg. Therefore, for any t > ¢y,

Yy Yy y
e e
o t . t0+1 t—to
A R (56)
to t—1 to
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Dt at 3 Df/
So, we have o < AT Since a < b, we have 37,4 o <o

Step 2. We prove Condition (B) in our Theorem 2. We need to find € € (0, 1), positive
sequences (X;) and (X;), and a date T which satisfy Condition (B).
Y

Step 2.1. Take X > G = limy_,o ete—tl Define X; = X for any t.

t
Since f(1, ge) < G4 and the function f is continuous, there exist € > 0, v > 0, G1,G2,G3 €
(0, G4) such that

f(lfe,g)<G1<G2<G3<Gd (57)

for any € € [0,€],0 < g < go +1, and Xé < 7.
0

0
Since ge = lims_ o0 62—;1, we can choose tg such that egl < ge + 3 for any t > to.
Take €7 € (0,Go — G1).
By Assumption 3 in Hirano and Toda (2025a), there exists ¢; such that

sup Ifi(1—€,9) — f(1—€,g)| <ep VE> 1. (58)
(€:9)€10,€]x[0,ge+7]

Y

Yy
Step 2.2. Define X; = G4 for any t. Since Gy < Gy < G = lim;_, ete%, we can choose
t

Y
to such that Go < et;;l for any t > to
t

Take T > max{tg,t1,t2}. Now, let t > T, ¢ € (0,é) and X € (0,X). Suppose that X
satisfies (18), i.e.,

Vt (]— — €, 0et+1 + X€)

X =1 ) 59
Vi€ gorrr + X0) (59)
We have 0
€q > Y
gear + Xe= L4 Xe<got S+ Xe<go+ 2+ =g.+7.
S

It implies that € € [0, €] and ge¢+1 + Xe € [0, ge + 7y]. Then, condition (58) implies that

X — f(1 =€ gep+1 + Xe)| (60)
VI (1= € ge1 + Xe)
- ’ — f(1—e Xe)| < €. 61
|V2t (1 =€ gett1+ Xe) f =& g + X < e (61)
Therefore, we have
X <er+ f(1 —€ gegr1 + Xe). (62)

Since ge,¢4+1+ Xe < ge +, condition (57) implies that f(1 —¢, ge¢+1+ Xe) < Gi. Combining
with €y < G2 — G1, we have

X <er+ f(1—€geir1+Xe) < (G2 —G1) + G = G2 = Xy41 (by definition of X;). (63)

Y
So, X < Xy < Lyl
D
The last step. We prove that 30°, ——— = oo.
X, - X,

1
Since G4 = limsup;_,,, D/ > G3, we can find an infinite and increasing sequence (sg)x>1
1

with s; > T such that D;E > (3 for any k > 1. Hence, D5, > G5*. This implies that, for
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any Sk,

Dy, 1 D, - 1 G Gy GY (64)
X1 Xy, XioXpXrpooXe, | XioXpGypT o Xi Xp G
GT
> X X, ~2~XT (because G3 > G3) (65)
for any s;. By consequence, we have
D D GY
D Db D Tl e
SXi X TS X Xy, T g X Xy
It means that Condition (B) holds. We have finished our proof. O

B.3 Proof of Theorem 4

Here under stationary endowments, the function g; defined by Lemma 3 does not depend on
t. So, we write g instead of g;. We summarize our equilibrium system.

u'(e¥ — a;) = BRi11v' (e + Riyrar), Riy1 = g(ar), where g is defined by Lemma 3
(66a)

R
a1 +di1 = az :—1, 0<a;<e¥foranyt>0 (66Db)

We are inspired by the strategy of Tirole (1985), Bosi et al. (2018b), Pham and Toda
(2025a). We need several steps. The following claim is immediate.

Lemma 10. Consider a solution to the system (66). Only three mutually exclusive cases
hold: Case A. Ry > R;_ 1 for anyt; Case B: There exists t such that Ry < R;_1 and
Ri < n; Case C: There exists t such that Ry < Ri_1 and for any ty satisfying Ry, < Riy—1,
we have Ry, > n.

Lemma 11. Consider the system (66). Consider an equilibrium ag. Assume that Ry < Ry_1
and Ry < n for some t. Then R; converges to R*, a; converges to zero, and R* < n.

Lemma 12. Consider the system (66). Consider an equilibrium ag. If a; converges to 0,
then Ry converges to g(0) = R*.

Lemma 12 directly follows the definition of g, i.e., Ry = g(a;—1) for any t. Lemma 11 is
related to Tirole (1985)’s Lemma 2 and its proof is presented in Online Appendix 4. The
following result is a key, which can be viewed as a generalized version of Tirole (1985)’s
Lemma 3.

Lemma 13. Consider the system (66). Assume that

Zdt < o0 (67>

t>1

Consider an equilibrium. One of the following cases must hold.

1. The equilibrium is bubbly, (at, b, Ry) converges to (0,0, R*) and R* < n.
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2. (ag, by, Ry) converges to (a,b,n) with & > b and a is uniquely determined by u/(e¥ —a) =
Bnv'(e® +na) (i.e., n=g(a)).

3. This equilibrium is bubbleless, (i.e., by = 0 for anyt), and (at, by, Ry) = (at,0, Ry)
converges to (0,0, R*).

Proof of Lemma 13. We consider three cases: A, B, C in Lemma 10.

Case A. If Ry > R;_1 for any t. Then R, converges.

Case A.1. If Ry, > n for some ty, then Ry > R, > n for any ¢ > to. Then, there is
no bubble. Indeed, if by > 0, then b; converges to infinity (because b;41 = bt% for any t),
which is a contradiction.

So, there is no bubble. Since there is no bubble, we have

[ee}

o0
n n
ar = f, = o ——dpr s < diys for any t > t.
t ft ;Rtﬂ Rt+s t+s_z t+s yt =10

s=1

Using condition (67), we obtain that a; converges to 0. Hence, Ry = g(a¢—1) converges to
9(0) = R*. To sum up, we have (ay, b, Ry) = (at, 0, Ry) — (0,0, R*) with R* > n. We are in
the case 3 of Lemma 13.

Case A.2: R; <n for any t, then we have R; > R;_1 and R; < n for any ¢. This implies
that R; converges to some value R with 0 < R < n.

There are two subcases.

e Case A.2.1: R < n. Then, b; converges to zero (because b1 = %bt) and a; converges

to zero because lim; ,oo R < n and agy1 = Rtn“at — dip1 < = Fay for any t. So, we

have (at, b, R;) — (0,0, R*) with R* < n. We are in the case 1 or the case 3 in Lemma
13.

Rt

e Case A.2.2: R = n. Since by = bt% and R; < n for any t, the sequence b; is

decreasing and hence converges to some value b. Look at the sequence (a;). There are
two cases.

Ry
n

Riy1
n

First, if Ry < n for any t. We have a;+1 = ay — dpy1 < ay < ay for any t. So,
a; must converge to some value a with a > b because ay > by for any t. We are in the

case 2 of Lemma 13.

Second, if there exists T' such that Ry = n for some T, then R, = n Vt > T (because
(Ry) is increasing and lim;_,, Rt = R = n). Therefore, for any ¢ > T, we have

- > nsdH_s -
fe= Z A Z dits.

s=1 s>1

So, by assumption (67), f; converges to zero. It means that lim; o ay = limy_yo0 by.

To sum up, we have (as, b, Rt) — (a,a,n). We are in the case 2 of Lemma 13.

Case B: There exists t such that R; < R;—1 and R; < n. Then, by using Lemma 11, we
have lim;_ 00 Ry < n and limy_, oo a; = 0. Therefore, (at, by, Ry) — (0,0, R*) with R* < n. So,
the equilibrium is either in the case 1 or in the case 3 of our proposition.

Case C: There exists ¢t such that R; < R;_1, and for any ¢ satisfying R, < R¢,—1, we
have Ry, > n. In this case, we have R; > n since Ry < R;—1. We claim Ry41 > n. Indeed, if
Riy1 < n, we have Ry 11 < n < R; which implies that Ry+1 > n, a contradiction.

By induction, we have R;,, > n, for any 7 > 0. This implies that liminf; .., R; > n.

39



Case C.1: by > 0. Since by < a; < ey the sequence (b;) is uniformly bounded from above.
Rirr > n for any 7 > 0 and by = by ’“, we must have limsup,_,. Ry < n (otherwise,
lim sup,_, o, by = oo which is impossible). So, lim; . R = n.

Again, since Ry, > n for any 7 > 0, we have, for any T' >t

oo Sdp
fT:ZR L <ZdT+s'

71 Rrys &

By assumption (67), we obtain that f; converges to zero. Since (by1,), converges (because it
is increasing thanks to Ry1r > n), we have lim; 00 by > 0. Then lim;_,o0 ap = limy_y00 by > 0.
Since limy 00 By = n, we must have lim;_,oc a; = 4. Summing up, we have (a¢, by, Ry) —
(a,a,n). So, the equilibrium is in the case 2 of Lemma 13.

Case C.2: If by = 0, then b, = 0 for any A > 0. Since Ry, > n for any 7 > 0, we have

> nsd
Z Tt < Z dT+s

+1 T+5 s>1

By combining with our condition (67), f; converges to zero. Then a; = f; + b; also converges
to zero. To sum up, we have R;—1 > R; and Ryrr > nforany 7 > 0. Summing up,
(at, by, Ry) — (0,0, R) with R > n. The equilibrium is in the case 3 of Lemma 13. O

Lemmas 14, 15 below can be viewed as a generalized version of Tirole (1985)’s Lemmas
5 and Lemma 7 respectively. Their proofs are presented in Online Appendix 4.

Lemma 14. Assume that 3 ;> dy < oo and R* < n. Consider the system (66). There exists
at most one bubbly equilibrium ag such that the interest rate R; converges to n. So, there
exists at most one asymptotically bubbly equilibrium.

Lemma 15. Consider the system (66). Assume that there exists an equilibrium (a?) satisfying
a? — a® € [0,e¥) and R} — R’ < n Then, there exists by such that for any by € (0,b),
the sequence (ay) defined by ay = ao + b, Rev1 = glay), a1 = R"n* ar — dgr1 @S a bubbly
equilibrium, and we have lim;_,oo Ry < n.

‘We now prove Theorem 4. Part 1 is a direct consequence of Lemma 1 and Proposition
3.
Part 2. We consider two cases. Case 1: The equilibrium set is singleton. If a; does not
converge to @ (note that @ > 0 because R* < n), then by Lemma 13, a; must converge to
zero. Hence, Ry11 = g(at) converges to g(0) = R*. By our assumption R* < n and Lemma
15, we can construct another equilibrium. This is a contradiction.

Therefore, we have a; — a. Since @ > 0, only case (2) in Lemma 13 holds. Since
at — a > 0, we can take z > 0 and {o such that a; > z for any ¢ > to. Then, > 4~y gi <

D>t xt < 00. So, Lemma 2 implies that this equilibrium is bubbly. By Lemma 2’s point 4,
we have limy_,o0 by /a; = 1. Hence limy_,o0 by = limy—,00 ap = .

Case 2: The equilibrium set is not singleton. By Lemma 4, the equilibrium set is a
compact interval, denoted by [a,a]. For any ag > g, the equilibrium is bubbly (by point 2 of
Lemma 4).

For ag = a, the equilibrium is bubbly and a; — a. Indeed, if a; does not converge to
a, then by Lemma 13, a; must converge to zero. By our assumption R* < n and Lemma
15, we can construct another equilibrium with af, > ap = a. This is a contradiction. So,
lim; s a; = @ > 0. Then, we have by = R1 be > 0. As in the case 1, we have lim;_,oo by =
hmt*)oo ar = a.

40



So, by Lemma 14, ag = a is the unique bubbly equilibrium satisfying lim; ,., Ry = n.
By consequence, for any bubbly equilibrium ag € (@, a), we have lim;_,o R; # n. Therefore,
Lemma 13 implies that (a¢, by, R) converges to (0,0, R*) for any ag € (a,a).

Last, look at the minimal equilibrium ag = a. Take an equilibrium afy with aj € (a, a).
According to the proof of point 2 of Lemma 4, we have a} > a;, R} > Ry for any t. Since we
have proved that (aj, b}, R}) converges to (0,0, R*), we get that (aq, be, Rt) — (0,0, R*).

Proof of Claim 1 in Theorem 4. Assume that R* < n and > ;5 (}?—f)t < oo. Since
D1 (RD—,}t < o0, Proposition 4 implies that there exists a bubbleless equilibrium. So, case
2a must hold. )

Proof of Claim 2 in Theorem 4. Assume that R* < n, R* < limsup, ., D/ and

D D 1
pDrast TT; < oo. Condition > ¢2; n—tt < oo implies that limsup,_,., D} < n.
Vi(l—e€1,gee41+€2) _ u/(e¥(1—e1) « — u'(eY) . s

Note that Vi —ergeritea) — Boen(Lre) and R* = Bo(ed) So, applying Lemma 6’s
point 1, Condition (B) in Theorem 2 holds. By Theorem 2’s point 2, every equilibrium is

bubbly. So, case 2a of Theorem 4 cannot happen and, hence, case 2b holds.
D
nt

Part 3 of Theorem 4. Conditions R* =n and > 2, dy = > 2 ' < oo imply that

Applying Proposition 4, there exists a bubbleless equilibrium.

Let (a;) be an equilibrium. Since > 72, d; < oo and R* = n, Lemma 13 indicates that
only case 2 or case 3 in Lemma 13 happens. In both cases, we have lim;_,o, Ry = n. If case
3 in Lemma 13 happens, we directly obtain (a, b, Ry) — (0,0, R*). If case 2 in Lemma 13
happens, we have lim; ,,, a; = a. However, since R* = n, by the definition of a, we have
a = 0, and, hence, lim; ., b = 0.

Consider an equilibrium, by Lemma 1, we always have R; > R* = n. By consequence,
the bubble component is by = limy_, Rfi_t_Rtat < limy oo Z—Zat < lim¢— o0 ay = 0. So, there is
no bubble. Combining with Lemma 4’s point 3, we get that there exists a unique equilibrium
and this is bubbleless. We have finished our proof.

C Proofs for Section 6

Proof of Proposition 6. Part 1. According to Proposition 2, an equilibrium is bubbly if
t

nta
and only if limy_, ——— " 5. Since a; < e, we have that
Ry Ry
t t. Y t t.y
nta; n'e; L . . nta; L n'e;
for any ¢, which implies that lim ———— <liminf ———.
Ri---R, — Ry Ry yb p tooo Ry Ry = t—oo Ry--- Ry

e - t
Therefore, an equilibrium is bubbleless because lim inf " ef = 0.
t—oo TRy

: Y < oY T n' Y < limi n' Yy _ P nt Yy _
Since ¢ < ef, we have hgggf B O S hgclgf =g ¢ = 0. So, we have hgg}f TR, Ct

0. By Lemma 7, this equilibrium is Pareto optimal.

Part 2. Consider an equilibrium. Recall that > ;2 R?fflj%t = fo < ap < co. This implies
ntdt

that lim;—e R = 0. Our assumption limsup;_, ., Zl—% > 0 implies that there exists a

sequence (t;)r>1 and x > 0 such that dy, > xe%’k for any k > 1.
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We have

t Y t Y t
n'key _ n'kdy, Ciy n'kdy, 1
Ry---Ry Ri---Rydy, ~ Ri- Ry«

(68)

i Y
. . t . n'ke . t
Since lim;_ erli% = 0, we have limp_, ﬁ = 0. It means that hm_)(l)lolf ﬁe% = 0.

According to Part 1, this equilibrium is Pareto optimal and bubbleless.
O

Proof of Proposition 7. 1. Note that

D Ri---R — D
(ZRl..t.R)(; lntet t)Zt;nTét:oo. (69)

t>1

Since 14 R1 ‘B < Qo < 00, we have Zt>1 1 ft = oo0. By Theorem 5, this equilibrium

is Pareto optimal. Moreover, condition ) ;2 613;,5 oo implies that > 52, th = 0o because
e/ < e;. By Proposition 3, this equilibrium is bubbleless.

2. Take any equilibrium. By Lemma 1, we have R; > R} for any ¢t. So, condition
limy_ o0 R*t "= = 0 implies that lim; R ;t = 0. Proposition 6’s part 1 implies that this
equlhbrlum is Pareto optimal and bubbleless.

Since there is no bubbly equilibrium, Lemma 4 implies that there is a unique equilibrium.
O

Proof of Proposition 8. Part 1. limsup,_,, ¢* >0 implies that there exist x > 0 and an

infinite and increasing sequence of time (t)g>1 such that - 2 > g for any t.

Recall that co > ag > Wat for any t. Hence, we have

Ri---R ay, Ri--- R ay, 1 1

lt te _ Ytk lt e TS 2= S 0V (70)
ntkey, ey, Mntkay, €, a0 ao

RiRy,

By consequence, >, = oo. Therefore, 3~ erl;i'ft = 00. Applying Theorem 5’s part

ntk ety
1, this equilibrium is Pareto optimal.
t
Part 2. Consider an equilibrium. The no-bubble condition means that tlim ﬁat =0.
—00
Since lim inf; oo 5—5 > 0, there exists x > 0 and tg such that Z—; > x for any t > tg. Then,
t t

for any t > tg, we have

ty ¢ Y t t,y t
n'ey n‘a; e n'ag C e n'ey ) na; 1
= — < —, which implies that liminf ——— < lim ——— —.
Ri---Ry Ri---Riay Ry-- Rtm’ P tsoco Ry---Ry “toooRy---Rix

Combining with tlim Rfi_t_Rtat = 0, we get that tlim er_‘i_t_Rtei’ = 0. By Proposition 6, this
—00 —00

equilibrium is Pareto optimal. O

Proof of Proposition 9. First, we prove the following claim on the ranking welfares when
there exists a continuum of equilibria): Let Assumptions 1, 4 be satisfied. For two equilibria
with initial asset values ag > af,, we denote U; and U] the utility of households born at date
t in the equilibrium ag and a respectively. Then we have U; > U] for any date ¢t > 0. It
means that the utility of each generation is increasing in the initial value of asset.
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Let us prove this claim. The utility of households born at date t is Uy = u(e) — a¢) +
Bu(efy, + Rit1a¢). Taking the derivative with respect to a; and using the Euler equation, we
have

U, ORt1 4,
87&5 = ha 8; V(€1 + Rerar) > 0. (71)

Here, agz% > 0 thanks to Lemma 3.

Since a; is strictly increasing in ag, the utility U; is also strictly increasing in ag. By
combining with Lemma 4, we obtain our result.
O

Proof of Theorem 6. Point 1. According to Theorem 4, there exists a unique equilibrium
and this equilibrium is bubbleless. By Lemma 1, we have, in equilibrium, R; > R; for any t.
By combining with R} = R* > n, we have liminf, ,,, R; > n. Therefore, Corollary 9 implies
that this equilibrium is Pareto optimal.

Point 2. Point (2a) is a consequence of Theorem 4 and Proposition 9.3 Let us prove
point (2b) by using Theorems 4, 5 and Lemma &8’s part 1. First, by Theorem 4, this
equilibrium satisfies (ay, by, R;) converges to (a,d,n) where & > 0 is uniquely determined
by u'(e¥ — a) = pnv'(e® + na) (ie., n = g(a)).

Since by = lims s Rl’_‘i_t_R.tat = lim¢ 00 ﬁ& > 0, we have lim;_, }%17-17-7‘:& = %0 € (0, 00).
Then, combining with limy_,., d; = 0, we have

Ry Ry Ry Ry P

lim = = -~ > 0.
t—o0 nt(ey + % + dt) nt(ey + %) bo(ey + %)
3 Ry--Ry _
By consequence, we have Y ,~; e )
> < dy

To conclude that this equilibrium is Pareto optimal, it suffices to verify the uniform
strictness condition. We do so by using Lemma 8’s part 1. Indeed, recall that c{ > 0 for any
t and lim;_,o ¢f = €Y —a > 0. Since the function u is in C? and u”(e¥ — @) € (—o0,0), there
exists h > 0 such that

Y 1
inf § — L — inf -~ (z))} > 0.
tzo{u/(c%@ wel(1-h)e} ] (=5 >)}
So, by Lemma 8’s part 1, the equilibrium allocation satisfies the uniform strictness condition.
We have finished our proof.

Point 3. By Claim 2 in Theorem 4, there exists a unique equilibrium. This is asymptotically

bubbly and (a¢, by, Rt) converges to (a,d,n). By using the same argument as above, this

equilibrium is Pareto optimal.
O
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D Online appendix

D.1 Online Appendix 1: Proofs of Lemmas 3 and 4

Proof of Lemma 3. Let e/ > 0,ef,; > 0. Let a; € (0,ef). Consider the function K :
[0,00) — R defined by K(R) = u/(e] —a;) — BRV' (€0, + Ray) for any R € (0,00). We have

K'(R) = —pv' (€7, + Ray) — BRaw” (e7, + Ray) .
Since ef > 0 for any ¢, then we have
K'(R) = —pv' (€7, + Ray)—BRaw” (€7, + Ray) < —pv’ (ef,1 + Ray)—B(ef 1 +Ra)v” (ef,1 + Ra;) <0

because cv’(c) is increasing in c.
Therefore, the function K is strictly decreasing on (0,00). Now, observe that, since
e 1 >0, K(0) =u/(ef —ay) > 0. We now look at limg_,oc K (). We have

) oz (€2, +zay) v (€9 + xas
lim 20’ (€7, + za;) = lim (¢Fi1 ~ G )
T—00 T—00 et+1 —+ xa;

. 1 .
= a—t xlgglo (e§+1 + xat) v (eerl + xat) = aj cll>r§o cv’(c),

This implies that that lim, o K(z) = v'(e] —az) — aﬁt lim.— o cv’(c). Therefore, there exists
a unique Ry satisfying u/(ef — a¢) = SRy 10’ (€9, + Riy1a¢) if and only if a;u/(ef — ar) <
Blim._ o cv'(c).

Taking the derivative of both sides of the equation u/(ef — a;) = BRi110" (€041 + Re1as)
with respect to a;, we get that

ORy 11
86Lt

OR
—u”(elt’ — at) :ﬁRH_lUN (6?+1 + Rt+1at) <Clt +l + Rt+1> —|— ﬁ

day v (et + Revrar)

This implies that

ORi 11
B [Riy1a:0” (71 4+ Ripias) + ' (ef41 + Riyias)] 8; = —u" (e} —a;)— BRI V" (€], + Ritrar) > 0.
t
Again, by Assumption 4, we have Ry 1a:v" (€01 + Rep1a¢)+0' (€9 + Riy1as) = —% >
0, which implies that, aggl > 0. Therefore, Ry;1 is strictly increasing in a;.
O

Proof of Lemma 4. We follow the strategy of in Tirole (1985), Bosi et al. (2018b, 2022).
Point 2. Let aj > ap be two elements in Ay, and (ay), (a;) be two associated equilibrium

sequences. We have R] = gi(ay) > ¢gi1(ap) = Ri. Then, we have af = %af) —dy >

%ao —di = a1. By induction, we have a; > a; and R} > R, for any ¢. Thus, we can compare

the fundamental values
e —-~-—d,<§ ... =
Jo R, R,°"4ZR R Jo
by = ag — fo > ao — fo = bo.

Point 3 is a direct consequence of the above proof and the fact that Ag is an interval.

47



Let us prove Point 1. Firstly, we prove that Ay is an interval. Let us consider two
equilibria (a1,¢, R1441)e>0 and (asy, Ro+1)i>0 with initial asset values a1 < agp. Take
ap = Aa1o+ (1 — Nagp € (a1,0,a20) with A € (0,1). We have to prove that there exists a
sequence (a¢);>o satisfying (8). Clearly, ag € (0,¢$). From ag, we can define Ry = g (ao),
thanks to Lemma 3 and the fact that agu/(ef) — ao) < agou/(ef — az,0) < Blime_ o0 cv'(c).

Since ag € (a1,0,a20), we have Ry € [Ry 1, Ro1]. Then, we define a1 by a1 +di = %ao.
We see that

2,1

a0 —di =az;.
n

Ry Ry
a1 = ——ay — di<a1=—ay—di <
n n

By induction, we construct that the equilibrium sequence (a:). So, ag € Ap. It means that
Ap is an interval.

It remains to prove that Ag is closed. This is a direct consequence of Lemmas 16 and 17
below.

Lemma 16. The equilibrium set Ag in Definition (5) is closed on the right: if (af)m>1 is a
strictly increasing sequence with af* € Ao for any m > 1, then ag = lim,—o af’ belongs to

A2

Proof of Lemma 16. By definition, we have

el —ai) = BRL W (el + RiLai") (72)
Rm
RV = gi(a"), aff; = %1@;” —dit1, 0<af*<ef forany t > 0. (73)

Since the sequence (af)')y, is increasing in m, we have R = g1(ag?) is increasing in m. This
implies that a" = R—T?agl — dj is increasing in m. By induction, aj* and R}* are increasing
in m. Define a; = lim;,—00 a7, Ry = limy, 00 R}*. To prove that agp is in the set Ag in
Definition (5), it remains to prove that a; € (0,€}) for any ¢.

It is easy to see that a; > aj* > 0.

We now prove that a; < ef. We have

u'(ef —ai") = BRIV (efy 1 + Ritia)") < BRYLV (e7)) -

If limp, o0 af* = €, then /(e — aj*) converges to infinity. This implies that R}, converges
to infinity.
For m > 1, we have

nt+1 0 nt+l

where R} is the interest rate of the economy without assets.
Since b(l) > 0 and limy, 00 R}y = 00, we obtain that lim,, . bf} | = co. However, this is
impossible because b)* < aj* < ¢Y. O

Lemma 17. The equilibrium set Ao in Definition (5) is closed on the left: if (af")m>1 5 a
strictly decreasing sequence with af' € Ag for any m > 1, then ag = lim,,—oc af’ belongs to

Ap.

31This result can be viewed as an adapted version of Tirole (1985)’s Lemma 10.
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Proof of Lemma 17. By definition, we have

Ry = gi(a"), afi; = R:rl 7 —diy, 0<al* <ef for any t > 0. (75)
As in the proof of Lemma 16, we can define a; = limy,,00 a3, Ry = limy, 00 RY". It is easy
to see that R™ > R, > R} for any m and for any ¢, where the sequence (R;) corresponds to
the initial condition ap and R is the return rate of the economy without assets.
It is obvious that a; < a}* < €Y. So, it remains to prove that a; > 0 for any ¢ > 0.
Fix a date t. We have

n n
m o __
G = 5m (atJrl +dt+1) 2 RM dt+1'
1 41

Let m — oo, we get that a; > ﬁdtﬂ > 0.

D.2 Online Appendix 2: Proof of Corollary 1
l1—0o 1—0o

Proof of Corollary 1. Assume that Ul(xq,x9) = 111_0 + Bzf_a

Euler condition becomes (ef —a;)™" = BRyy1(€f,q + Rip1a:)”7 and the function Ky(a, R) =

(ef —a)™ — BR(ef,; + Ra)~“. Observe that

Ki(a,R) S 0 & Hy(a,R) = f“R += (31" +87) =Bz S0, (76)
Neither K; nor H; depends on d1vidends.
We have 2Lt (a, R) = ;’ (— ei—?l - (1- a)éR). So, when o € (0,1), the function H;

is decreasing in the second component. When o > 1, given a > 0, the function Hy(a, R) is

decreasing in R on the interval (0, (;‘_J’ll)a)
We now explain how to choose parameters so that conditions in Theorem 1 holds. To
simplify, assume that the endowment growth of each household is constant: e;# =g.>0
t

for any t. The benchmark interest rate Ry = R* determined by R* = %
Assume that d; = dod® for any t (i.e., Dy = dgn'd').
Let nd < R* < n.
Since R* < n, we can choose ¢, = € > 0 for any t, where Hy(a, R) = g.R= + (Rl_*

ﬂ ) Bo Condition R* < n implies that g.n= — ﬁa < 0. so, we can choose € > O such that
gen +e(n! 5+ﬂl) Bz <0,

Define € = eef. We have Ht(et, ) < 0. Then, we can take R® such that H;(e;, R) = 0,
ie., ge(R) 7 + e((R) "7 + B7) — Bo = 0.

We have Hi(er,n) < 0= Hi(es, R°).

Define Rf = R°.

We look at conditions (i), (ii), (iii) in Theorem 1. Condition (i) becomes eef < e€f, | +dy11.
This is satisfied if ef < e/, for any ¢. Condition (ii) becomes H;(e;, n) < 0 which is satisfied
as we have just explained. Condition (iii) states that: If R € (0,n) and geR771 + e(Rl_% +
B7)— s >0, then R < R*.

Consider the function H(R) = geR_?1 + e(leé + B%) - ﬁ% We have H'(R) = R_f_l (-
ge — (1 —0)eR).
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If o < 1, then H'(R) < 0. Condition (iii) is satisfied.

If ¢ > 1, then we can choose parameters so that 6(09%1) < n (actually, we can choose o
high enough). In this case, condition (iii) is satisfied.

Lastly, we verify the not-too-low interest rate condition (15). With the above settings,
condition (15) becomes R* > ndy. This is satisfied if we take v € (0, nd) We choose A and
the dividend growth rate d small enough so that v > 1+ % and \d;y < ¢ = eef.

So, all assumptions in Theorem 1 are satisfied under conditions in Corollary 1.

O
D.3 Online Appendix 3: Additional Proofs of Section 4.3
Proof of Corollary 4. Situation 1. Since
. Ui(e¥,e%) _
R* = Ua(ev, ) < min (hl;ri)sololth ,n) = R (77)

and the partial derivative U, Uy are continuous, there exists R, €; and €3 such that

Up(e?(1 —e), ey(Z—Z + €2))

5 <R< R,
Ug(ey(l — 61), 69(27 + 62))

for any €; € (0,€1), €2 € (0,€2). According to Point 1 of Lemma 6, condition (B) holds.
u/(e) !

Situation 2. Since u,v are continuous and Bo(er) < R,, = min (lim SUD{_y00 Df,n),

there exists R, €; and € such that

u'(e(1—e1)

m<R<Rm (78)

for any €; € (0,€1), €2 € (0, €2).
By the assumption e} € [e, €], we have

Vid—engepnite)  W(gd-a)  u(ef/d—ea) (79)
Vi(l—€1,gepr1+€) Pv '(e¥ (S (% v + € ) B (e + eler))
u'(e(l—e))
<——— " <R<R,. 80
= B’ (e + éez)) " (80)
According to Point 1 of Lemma 6, condition (B) holds.
O

Proof of Corollary 5. The second statement of Corollary 5 is a direct consequence of
Lemma 6’s point 2. Let us prove the first one. Point (i) is a direct consequence of Lemma
6’s point 1. We prove here point (ii). Condition (26) implies that there exists R > 0 and ¢
such that

o e 1
f(1,limsup 65'151) <R< nt—zl Vt > tg, and R < limsup D} (81)

s—oo €5 € t—o0

. ey
Denote ge = limsup,_, o, —+
“t

Since f is continuous, there exist €1,é2 > 0 such that f(1 — €1, ge + 262) < R for any
€ € (O,El),EQ € (0, €2).
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Take any ¢; € (0,), 6 € (0,&). By definition of g,, we can choose #; such that "L <

t
geteg for any t > t1 Observe that, by Assumption 3, the function f(x1,x2) is increasing in 2,

we have f(1—eq, t“ —|—€2) < f(1—¢€1,9e+2€2) < R. To sum up, we have R < lim sup,_, th
and

VE( = €1, ge 1 + €2)

€S ne’
=fl-e, 3 +e)<R< L

82
Vi (1 = €1, ge 1 + €2) e; = e (82)
for any t > T = max{to,t;}. According to Lemma 6’s point 1, Condition B holds. O

Y

Proof of Corollary 7. The Euler equation now is (ef —a;) ™! — BX (2,1 +Xa;) ™' = 0 and

equation (18) becomes

€ Ge,t+1
X(1— = : . 83
S T L T =)
Let us check Condition (B) in Theorem 2. Condition (B) holds if we can choose € small
_ D
enough, the sequences (X;), (X;), and a date T such that (1) >¢2; ﬁ = o0, (2)
X

y
X1 < nete—zl V¢ > T, and (3) for any t > T, if e € (0,€), X € [0, X;] satisfy (83), then
t

X <X

Since lim sup,_, o % < 1, then we can choose € € (0,1/2) small enough, J close enough
t41

nottl
o

to 1 and a date T' so that }?;’1 < 57Eg+ﬁ)5 <1 foranyt>T.
nltsL
et

Y _ Y
We next define X;41 = 57161% and take X; > Xt for any t. Then, we have X;11 < net#
+ y + €7

Since -Pt; =
n 6

A where o > 1, and Xy 4q = (0,1) we have

o0 o0 o
D, D, 1
-y P 84
X1 X, Stntel et 5t (84)

t=1

t=1

For any € € (0,€), we have

et 1 < G 1 < 5n€%+1 = Xy V> T. (85)
ef B—e(l+8) " e B—el+B)~ " € N

Let € € (0,€) and X € [0, X;] be satisfied (83), then we have, thanks to (85),

1 €1 1
X = = < X .
B0+ p) o Boel+p)

So, Condition (B) is satibﬁed

By construction Dé = & with a > 1, we have
t

toc

Applying Theorem 2’s point 2, every equilibrium is bubbly and lim inf; o % > 0.
t

ol



Proof of Theorem 3. Part 1. We need to prove that lim inf; ., ﬁ > 0 for any equilibrium.
t

Let € € (0,1), positive sequences (7;), (X;) and (X;), and a date T be in Condition (B).
Take an equilibrium. Denote ¢; = ,Yi‘éy Suppose that liminf; o ﬁ = 0. Then there
t t

exists tg > T such that Wa;%

t tO
we have the Euler condition

t ag at
Ve <1 - f,ge,tﬁl + Rto+1ﬁ>

Vyo <1 - u y Geto+1 T+ Rt0+1at°>

< €< 1. Since €, < 1, we have 0 < ay, < ef. By consequence,

_ VIO (1 = €t9V0 Gerto+1 + Rig+1€t010)
V.

. . (86)
5° (1 = €10%0» Ge,to+1 + Rig+1€60710)

Rt0+1 -

e Yig+1
By our condition (B), we have R 11 < Xy +1. Since X 411 < nM we have Ry, 1 <
y > o+ o+ o+ s o+
€tgTto
e?tJ 41Vt +1 o . . . oy R+
061,7%0. Combining with the non-arbitrage condition agy 41 + diy+1 = ag,—2—, we get
0
Rig+1 6?0+1%0+1
Ato+1 S At S At Y (87)
n €ty Vto
Aty+1 at _
= €tp+1 = O+y < Oy = €, < €. (88)
Yto+1€4+1  NoCig
Therefore, by induction, we have, for any t > ¢,
€+1 < € <€, Rt-i—l < Xt+1. (89)

This implies that Re,41 - Rt < Xtyq1 -+ Xy for any ¢ > tg. We now look at the fundamental
value

to 00

Dy
fo=2 Rk~ : 90
0= ;Rl - Ry ZR1 - Ry t:%:ﬂ 1+ Ry Rigr1-- Ry (90)

Consider the second term Ao = 3772, 14 m. We have
0 0

1 = Dy 1 = Dy
o= ¥ > S e o
Ri-- Ry , %= Rigy1---Re = Ri-- Ry 4= Xigr1--- X

Xy Xy, ZOO Dy
Ry Ry t=to+1 X Xy

because of our assumption (B1), i.e., Y72 ﬁ = 00.

This implies that Fy = oo. Since g9 > Fpy, we have gy = oo, a contradiction. We have
finished our proof.

Part 2. Let the condition in the first statement be satisfied. According to part 1 of
Theorem 3, any equilibrium satisfies lim inft_>oo a—ty > 0.

Proposition 2 and our assumption ) i, = nf Sentel < oo imply that this equilibrium is bubbly.
O

D.4 Online Appendix 4: Detailed proofs for intermediate results
used in the proof of Theorem 4

Proof of Lemma 11. Since R; < n, we have a; = %at_l — dy < a¢—1. This implies that
Riy1 = g(ar) < g(at—1) = Ry < n. Hence, Ry;11 < R;. It means that we have R;y1 < Ry and
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Riy1 < n. By induction, we get n > Ry > Ry11 > ---, which implies that (Ry,a:) converge
to (R,a) and a(R —n) = 0. We have R < n because lim,_,o, Rs < Rip1 < Ry < n. This
implies that a = 0. So, R¢+1 = g(at) converges to R*. O

Proof of Lemma 14. Consider a, < ap two bubbly equilibria. Suppose that for both values,
the interest rates Ry, R; converge to n. By Lemma 13, we have lim;_,o a; = limy_,o0 a; = a.
Moreover, @ > 0 because R* < n. Since af < ag, we have R} < Ry, a; < a; for any t > 1.
Therefore, we have

R/
! t ! ! ! !/
a “tay_—d¢  Ria,_, ap_, a
L=z e R S
ag #(Lt,1 —d; Riai—q at—1 ao
/
So, Z—Z does not converge to 1. O

Proof of Lemma 15. Let (a?) be an equilibrium satisfying a? — a® € [0,¢¥) with R =
limg o0 g(a?) < n. We have u'(e¥ —a?) = BRY, 10/ (e° + RY, 1a?) and v/ (e¥ — a®) = SR (e° +
R’a®). By Lemma 3, we have au/(e¥ —a®) < Blim._« cv’(c) (Indeed, this is trivial if a® = 0.
If a® > 0, we apply Lemma 3).

Therefore, there exists Tz, z, such that z € (0,n), z, € (0,e¥), g(a}) <z < n, a} < z,4
for any ¢ > T, and z,u'(e¥ — z4) < Blime— o cv'(c)

We can choose by > 0 small enough and define the sequence (a, Rt)?:o by

Ry

ap = ay +bo, Rip1=g(ar), a1 = a; — diy1 (93)

such that ar < x4, g(ar) < z, au/(e¥ — ay) < Blimeoo cv’(c) for any t =0,1,...,T
Then, it is easy to see that a; > af?, R, > Rf, for any t =0,1,...,T.

We now define Ryt1,ary1. Since apu/(e¥ —ap) < Slimeo0 cv’'(c), Lemma 3 allows us to

Rriq

define Rry1 = g(ar) and then ary; = =

ar — dpy1. We have

Ry

x
Rry1=glar) <z <n, ary= ar —dry1 < ﬁaT <ar < Zq-
Since ary1 < mg and zeu'(e¥ — xy) < Blimeoo cv'(c), we have apiiu/(e¥ — aps1) <
Blim._ o0 cv'(c).

Then, by induction, we construct (a;, R;)i>o such that Ryt < & < n,apis < x4 for any s
1. This implies that

Ry
+s+ a

n
aT+4s+1 = Ths — A74s4+1 < EQT+S = QT+s-

Hence, Ryys < Rpis—1 for any s > 1, which implies that lim; ,o, Ry < Rpri1 < n.
Summing up, the sequence (a;) is an equilibrium because 0 < af < ar < xg < €Y.

According to Lemma 4’s point 3, this is bubbly because ag > ag. O

D.5 Online Appendix 5: An explicit model with asset bubbles

We now provide a model, where we can explicitly compute the equilibrium prices with bubbles
and it completely fulfills Theorem 4. According to (8), the Euler condition becomes u’(ef —

ay) = Bn ALy (0| 4 n(agy + diga)).

93
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Let us consider a special setup where u(c) = v(c) = In(c) and assume that ey > 0 for any
t. We have the following non-autonomous system

a _nfef 1 n(1+p)

a+1 + diy1 = ——5—————, or, equivalently:.
nfey n(})—&-ﬁ)at’ ’ Tapprdipr efy ag €9,

o
€it+1 €1

Assume a stationary endowment: ef = e¥ > 0,e? = ¢° > 0 for any ¢. Note that the

interest rate R* = ﬂe;
Let the interest rate be lower than the population growth rate: R* < n.
Let z > 0 be such that le%* > 1, or, equivalently, 1 —z(z= — 1) > 0.

Denote h = % Define the dividend sequence (d;) by>?

1 ha(l+a) 7(sc+1R7*)f(i_ hx(1+ ) ) (94)
d l-z(4-1) \ z n do 1—2(g —1)
1—az(g—1)
d R
0 <do< hz(l+ x) (95)
« 1
We can check that ﬁ = ITHR%CI% — %. Moreover, lim;_soo df = ﬁ which is, by

our assumption, lower than 1.
In the economy with above specifications, we can check that the following sequence is an
equilibrium

1
ag = (% - 1)E + zd; for any t > 0. (96)
Since ”xil% > 1, we have 4~ di < 0o and hence } ;>4 % < 00. Therefore, this equilibrium

price is bubbly. Moreover, we have lim;_ o ar = (% — 1)% According to Theorem 4’s part
2, this is the unique equilibrium satisfying lim; ,o, a; > 0. By applying Claims 1 and 2 in
Theorem 4, we see that:
1 1 2 o \2
o If R* > limy oo Df = nlimy oo df = % (i.e., (/367) %‘1 > n?), then Claim 1 in
Theorem 4 holds. We have a continuum of equilibria and the maximal equilibrium is
(at) defined by (96).

2

l l o
o If R* <limyyoo Df = nlimyoodf = ﬁ (i.e., (;@)2””7“ < n?), then Claim 1 in

Theorem 4 holds. There exists a unique equilibrium and the equilibrium asset value
(at) is defined by (96).

D.6 Online Appendix 6: Other proofs for Sections 5 and 6
D.6.1 Proofs of Lemmas 7, 8 and 9

Proof of Lemma 7. Let us consider a feasible allocation path (¢!, ¢¢');. We have

;Y e?
' + -+ =el + - +d; for any t.
n n

We follow the classical idea of support prices (Malinvaud, 1953; Cass, 1972).

320ur example here is based on Example 3 in Bosi et al. (2021).
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Denote Uy = U (¢, ¢f,,) and U = U* (ct ,ct_H) Since the function U? is concave, we
have that

U — U > Uj(c], ¢} 1) (c75 — ¢} ) + U (¢!, ¢014) (cgﬂ — ctojrl> for any ¢t > —1 (97)
By the feasibility of allocations, we have ¢ — ¢ = —n(c¢! — ¢') for any t > 0. Combining
with (97) and the no-arbitrage condition (29), we get

1

U,-U)) ————
( ' t) Rt+1U2t(C%’aC?+1)

1
>c —d' + Tt (CtO-H - Cﬁl) (98)

n
=~ — yo (Cgt/-s-l — C%—l) for any t > 0 (99)

For the households born at date —1, we have

U1 — Ul—l > Ufl(cghcg) (031 - C?ill) + U2_1(Cy—1a08) (08 - (38')

y oy

= —nUy H(¥,cf) (CO - CO) because ¢/ | = ¢,

U_,-U'
L (Cg _ cg’)
nUy (%4, ¢f)
— nt — 1
Denote Xt = Ry~ R1+1U (C?, g+1) for any t Z 0 and X_1 = m

We denote P; = R R for any t > 1 and Py = 1. We have

X (U —U)) > P, (Ct —cf ) Pria(efy —cfy) for any t >0 (100)

Therefore, we get

Z XUy = U}) =2 =Pry(cpyy = ¢py) = —Proacry. (101)
t=—1

. . C t
Combining with our assumption lim inf =%—c/ = 0, we get
t—oo L1 Re

T
lim sup Z X (Uy = U{) > limsup (— Pry1c) ) = — 1iTrgioréf Priich,, =0.

T—o0 t=——1 T—o00

So, (¢!, ) is Pareto optimal. Indeed, take another feasible allocation (Cf,, ')t Suppose

T
that U > U, for any ¢ and there exists ¢y such that Ut’O > Uy, Then, > X, (U —U]) <
t=1

T
Py (Uy, — Up,) < 0 for any t > to. By consequence, limsup, o, >> X¢(Up — U{) < Py, (U, —
=1
U/

{,) <0, a contradiction. Therefore, (¢/,¢f); is Pareto optimal. O

Proof of Lemma 8. The allocation (cf,c?); satisfies the uniform strictness condition if

there exists p > 0 such that

UQt(C(tj—,i-l — )+ U] =)
(Ul — )’

Ulcl > u (102)
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for any ¢ and for any couple (cgt/, cf,1) satisfying
Ul ) 2 Ul cfyy), 0<(L=h)d) < <, ey >cf (103)

By the Taylor’s expansion, there exists sy, st € (0,1) such that

Ul(el , c0yq) = UMY, c2uq) = ulc ) — ug(ed) + ve(cdyy) — ve(cfyy) (104)
/ ]_ ’ ’
=u(c}) (el — ) + ui (el +splel — D))l —eb)? (105)
/ 1 / /
+vi(cfy 1) (el — ¢fp1) + 5“2/ (01 + Sot(chy — 1)) (chyy — chq)? (106)

. 4 ’
Since U'(cf , ¢f, 1) > U'(c{, ¢f, ), we have

’ 1 ’ ’
up(ef) (el — &) + Jui(ef + syl —e))(ef — )’ (107)
/ 1 / /
+vp(cf 1) (i1 — 1) + 5”2/ (i1 + Sot(cfin — cPy1))(cfyy — C?+1)2 > 0. (108)

Since vy’ < 0, we have
/ / 1 ! /
() (el = cf) + o) (e — i) = —gu/(c] +sulel —e)) (et —cf)* (109)

By consequence,

!

Ut o _ o + Ut(e¥ — &Y -1 , Y
A~ b)) YO =Dy > Lo sl — ) (120)
(Ui(ef —¢f)) 2 ui(cf)
S nf () (111)
= () sela-myter) 2
1 Ifi"Einft>o{iinf y v iu”(x)} > 0, we define u =2
: Z0 L uj(c}) ze[(1-h)e ] 271 ’ ’
2. Consider the case where u}(c) = ¢=?. Then, u/(c) = —oc¢~(“+1). Therefore,
=1 4,y Yy ¢/ o cf I+o o
—uy (¢f + syt(c] — ) =— ; > —
2 ¢ (6t slet —cf )ui(c@/) 2 (c? + syt(c] — cty)) 2
because ¢/ — ¢/ < 0. Therefore, we get
Ut o o +Ut y oy
2(cly Ct+1,) 1(cf Ct)Ultht/ > g (112)
Ut(cY Y\ 2 2
(Uilef =)
We have finished our proof.
O

Proof of Lemma 9. We will prove that, for each x > 0, there exists 61 (z), 82(z) > 0 such
that, for any ¢, if the couple (¢f ,cf,) satisfies

v _ Y Y 0 o
rep < ¢ < CpyCyg < Cppp < Nety1
o’ 0 y' Y 02(z) o’ 0 2
Pa(cfyy — i) +nbief —¢f) 2 Peicd, (Pra1(cfy — cf4)) (113)

+aws (nP(ef — f))?

nPtc;J
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then (ci’l,cﬁl) € Bi(c). i.e., Ut(ci/,c?jrl) > Ut(c],cfpq).
By the Taylor’s expansion, there exists sy, s, € (0, 1) such that

/ / / ! 2
U* = U =U(c]  cfy1) = U'el i a) = ule] ) = uelef) + ve(cfyy) — vilefyy)

/ 1 - / 9 / 1 5 / 9
=uy(cf)(cf —cf) + uf (&) (el —cf)* +vi(ctin)(ctin — ctyr) + 5 (E4)(cfn — ctyr)”

2 2
where & = o + sy(cf — ) € (¢, ¢f) and &1 = 21y + sor(cfy1 — ¢f41) € (41, ¢74):
From (33) and Pj;tfl = R:l+1 = n% = nv;éii%), we have
) e e —ct) 2 Sl () e ) gl 0 ) —ch)?
Therefore
07 =0 > () S St 00+ () S+ Gt ) et

. . . ! / .
Point 1 of Lemma 9 is clear since zc¢f < ¢f < ¢f,c¢fy; < ¢ 1 < neg1. Indeed, if we choose

61(z) > My and 0y(x) > Mo, where My, Mo are defined in Lemma 9, we have Ut —Ut > 0.
Let us check point 2. In this case, we have

!

/(.0 ’U,Cy
0" 0t > (b)) L, ) @007 + (00 98 1 L) ay?

Cl41 2 t
B O2(x) o o 01(x) o
=y~ gy ) (e~ gy 4

[od 92(270) g ~0 (o]
Choose 02(z) > §, we have (e, )17~ 2y > 0 because ¢7, 1 > ¢f, .

Choose 61 (z) such that 6;(z)z'™ — $ > 0, we have

O1(2) ()" o 1to _ O
()i 3 > 01 (z)x "7 — 5 > 0.

Therefore, we have UY — U > 0. We have finished our proof.

D.6.2 Proof of Theorem 5 and other results

To prove Theorem 5, we follow the strategy of the proofs of Theorem 3A in Okuno and Zilcha
(1980) and Proposition 5.6 in Balasko and Shell (1980). We need an intermediate step.

Lemma 18. Let Assumptions 1, 5 be satisfied.

Consider an equilibrium. Denote, for each t > 1, Q; = ﬁ,Pt = R:ith' This

equilibrium s not Pareto optimal if and only if there exist a feasible allocation (cty/,c,?,)t
which Pareto dominates the allocation (c{,c?): and a date ty such that

y v Y o_ 0o o o __ Y Yy _ o _
€ =cf —c] <0, e€=c) —cf>0, € =-ne Vt>ty, € =€ =0Vt<ty (11l4a)

1
Qir1€fy 1 > —Que}  (ie., Pprefy > Pref) Vt > tg — 1. (114b)
n
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Proof. The sufficient condition (<) is obvious. We prove the necessary condition: (=).
Suppose that (cf,c9); is not Pareto optimal. Then, there exists a feasible allocation

(ctyl,ct/)t which Pareto dominates the allocation (¢, c?);. By consequence, there exists a
date s such that Us(c¥, Cs+1) > U?(cY, 1) This allows us to define

to=min{s : ¢ # 2} (115)

By definition of to, we have ¢ = ¢/, ¢ = ¢ for any t > to — 1.
Since (¢! ,¢§'); Pareto dominates the allocation (¢, ¢?);, we have

to—1 y’ o to—1/ Y (o}
U (Cto—lvcto) >U (Cto—lacto)' (116)
! / / . 1 . . . .
Recall that ¢f | = ¢} |, ¢ # ¢, and the function U" Lis strictly increasing in each
t h o’ 0 d, h y Y b y o _ Ct/ dy.
component, we have ct0 > ¢y, an ence, ct0 < ¢, because ¢; + - =¢; + 7 =ef+ —|—

Now, since ¢f, < ¢f, and U™ (ct0,0t0+1) > Uto(cl,cf 1), we get that ¢f | > Cto+1' By
induction, we obtain conditions (114).

It remains to prove that Q;1€7,; > thetO Vit > tg— 1.

— M
qt

Observe that, by the non-arbitrage condition Ry+1 = the budget constraint of

households ¢ can be rewritten as Qicf + Qur1¢9 = = Qie} + Qt+1et 'v1. Therefore, we have
Qid + Qe = Quel + Quiredyy + (Qrel + Quraedyy).

Consider ¢ > to—1. We have U*(c?, 1) > Ut(c), ¢, 1). Suppose that Que} +Qrr1€0,, =
0, we have Quc¥ + Qii1clyy = Qre] + Qi1ef, . Recall that U(c),cf, ) is the maximum
value of the maximization problem of household ¢. By consequence, U’f(cff/7 cglﬂ) is also the

maximum value. This implies that (cf/,cf;l) is a solution to the maximization problem of
agent t. However, since the function U? is strictly quasi-concave, the solution is unique.
Therefore, we have (cgl, cfjrl) = (¢{,¢},1), a contradiction. To sum up, we get that Q.ef +
Qty1€fy1 > 0. We have finished our proof. O

Proof of Theorem 5. Part 1 ("if" part). Suppose that (c/,c?); is not Pareto optimal.
Applying Lemma 18, there exist a feasible allocation (¢} , ¢} ); which Pareto dominates the
allocation (cf,c?)s and a date to such that

ef:cf —d <0, €= - >0, &=—né/ Vt>ty, € = =0Vt<l
Qt+1€§+1 > 7@1/6? (i.e., Pt+1€§+1 > PtE?) Yt > tg— 1.
So, (¢! ,ctH) € By(c) and ci/ <d.
Let h € (0,1) in Definition 8. We define the sequence (z{,z¢); by
x} = ¢ + hef, xf = ¢ + hey. (118)

Then, we have z{ = (1—h)c] + hct > (1—h)e!, and ¢ = (1 —h)c§ + hey'. Since the function
U? is strictly concave, we have

U'(a},27) = U((L=h)e{+hel , (1=h)ef a+hety) > (1=m)U (e, ¢fyy) +hU (], 1q) = UM (] 1)

By the uniform strictness condition in Theorem 5, there exists ji such that

2
Prii(xgi — Cf+1) + nPt(xgtJ - C?) > (”Pt(mgtj - Cgtl))

o
Bl
Ptef
Ptet)-

Ptet) = Piri€)y > Pief (14 hp

hix
© Pra€lyy = Pel + P y(
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where recall that e, = e} + % +dp > ¢f.
By consequence, we have

hjiPe?
1 1 1 Prer
Priq€ = Peo(] 4 MiPe? T P 1- 1 4 Mk
+1% 41 tft( + Prer ) i + Pres
hinPes _
1 1 1 hji
= P - P o > P.co hiiPed = Preoy °
€ € € ey = e
(13 t+1€511 e 1+ “p= Pee(1+ h,uptet)
P

Since €7 < ef < e; for any ¢, we get that Pﬁ, <1 and

1 11 hj
P} Priefy — Pecl+hin

Taking the sum over ¢, we have } ;- % < 00, a contradiction. Therefore, the equilibrium
allocation is Pareto optimal.

Part 2 ("only if" part). Let conditions in part 2 be satisfied. Then there exist z >
0,z € (0,1),y > 0 such that ¢f > zey, ¢ < Tney, Pryi1c)y, > yPrey.

Suppose that 37~ % < 00. Then, there exists M such that Z?:l ﬁ < M for any T.

For h > 0, define the sequence (¢); by

:P16161 h ( 1

= Yt > 2 119
“ Piey Piey ) = (119)

Piey Pi_qei

and €; > 0. Since } ;5 % < o0, we have limy_, ﬁ = 0 and lim;_,, ¢, = 0. So, we can
take €; > 0 and h > 0 small enough and z € (0,Z) so that

1
cf — —eer > wey, ¢ + erey < mey Vit (120)
n
Let A € (0,1). Define
o _ o _ o o Yy — 1 o vy Y
€ = Aesey, & =]+ €, e =~ € ¢ =cf +¢€. (121)

It is clear that the allocation (c%,, f'); is feasible. We have

!

1 ,
o =cl+e =cf — E)\Qet > ze; > xcf and ¢ = ¢ + Aerer < ¢ + erer < ey Vi

By Definition (119) of €, we have Pie) — Pje§ = )\h(Pllel 44 ﬁ) for any t > 2.
This implies that

A Pt —Pe? P 1
o _ o __ =
Periein = By Prey and (Prep)? )\hPtet (Peg)?
Ptcf
We have I’Zﬁ: = % > x and
Pie? = \P; Ah e < AP hM
tet Lerer + (P1€1 Tt Bfletfl) (Preser + )
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Therefore, we get that

1 Pt+16?+1 — Ptﬁg 1 1 1 h@
> —Ahz =——
2 (};;fty) 2 ()\(P16161 + hM))2 2\ (Prejer + hM)2
¥
= Y, —pey s 2 he (Peei)” (122)
= €7.1 — Pye — .
g VIR T ) = 9N (Prejer + hM)? Pyl
We also have
}Pt+1€?+1o— 123756? _ })\hPtHC?ﬂ 1 > lAhy 1
2 (Pey1€f,q) 2 Pie; (Pt+16g+1)2 2 A2 (P161€1 + hM)2
Priicfyy
1 1 hy (Pr1€241)?
= — (P16}, 1 — Pie}) > — 123
3 (Periein = Peel) 2 53 Practy, (123)
Since we can choose A > 0 arbitrarily small, we choose A so that
1 h 1 h 0
v > Oa(2), = ) (124)

-z - — >
2)\ (Prerer + hM)? 2X (Prerer + hM)? n

where 601 (z),02(x) are defined in Definition 8’s part 2.
From (122), (123), by noting that ¢ — ¢/ = —€?/n, we have

’ / 92 x / 2 91 x
Proa(efy = nPAel —l) = Pty Pt 2 2By (e )+ ) (el
t+1C¢41 niicy

Recall that 0 < ¢! < ¢/ < ¢/ and ¢l < ¢ < mepr1. By the uniform smoothness
condition, we have (czg/,cgil) € Bi(c), ie., Ut(cf;’,,c?;l) > Ut(c/,c},,) for any t.

For A € (0,1), we define the allocation (z¥,29); by 2/ = A/ + (1 — A)c¢/ > 0 and
2901 = A+ (1—=A)efy > 0. Of course, (2}, x7) is feasible. Since the function U? is strictly
concave, we have Ut (Ac! +(1=A\)e/, A1 +(1=A)fy 1) > UL, ¢ )+ (1= NUL (Y, 8, ) >
U'(cf, ¢}, ). Therefore, the allocation (V' )y dominates (cV,c?); in the sense of Pareto, a
contradiction. So, we have } ;-4 % =

O

Remark 1. Part 1 of Theorem 5 still holds if we replace the uniform strictness condition by
the so-called property (C°).3
Property (C’). We say that the allocation (c{,c},,) satisfies the property (C’) if there exists

!
a > 0 such that, for any t, if the couple (¢! ,cg’_,H) € R%r+ satisfies
toy o t — Y — 0

Ulel ,cl) > Ul cl), el =cf —cf <0,e) 1 =cl —cf >0 (125a)

o, 1 et

< e+ L b di1,  Prpa€dyy — Pied > 0, where we denote ¢ = —ne},  (125b)

n

then (Per1€11)? < aPryicf (Pl — Pref).

Proof. Suppose that (¢, c?); is not Pareto optimal. We can take the allocation (ci’/,cgl)t as

in the proof of Theorem 5.

33We use the terminology Property (C’) as in Proposition 5.6 in Balasko and Shell (1980).

60

Y
—cj

)%



So, the couple (c;?,, &) e R? | satisfies Property (C’). Therefore, we have
(Prs1€11)? < aPrp1cfyy (Pri€dyy — Pief) (126)

Denote py = Pyy1€fy 1 — Ppef > 0. Since py = 0Vt < to—1, and py > 0Vt > tg — 1, we
have pgy—1 + -+ + pr = Piy1€f, 1. This implies that

 Mig—1

S AR AP | (127)
Py
We have
(Pry1€),)? _ (Pri1€f,q)? _ (thtg—1 + -+ z)?
Piii€fy — Pief ot it

This implies that, for any ¢ > to,

1 aPt+16?+1 — Pe? W 1
Prpicln — (Prr1€741)? (tg—1 + -+ pe)?
Ht
<«
(/"tt()—l + e + /Jzt)(/,&to_l + e + /’Lt—l)

—a< 1 _ 1 )
ftg—1 4+ pe—1 freg—1+ -+ e/

By taking the sum over t from tg — 1 until 7" — 1 of this inequality, we have

1 1 1 1
ot <a—— - )<= (128)
Py, Prct Hto—1  fig—1 + -+ pr—1 Pto—1

Therefore, we have ) ;- ﬁ < o00. Combining with ¢ < ne; for any t, we get that
- t

D1 ﬁ < o0, a contradiction. As a result, the equilibrium allocation (cf,c); is Pareto

optimal.
O

Proof of Proposition 10. First, since e = 0 V¢, the benchmark interest rate equals zero,
ie., Rf =0 for any ¢.

It is easy to see that there exists a unique equilibrium determined by a; = %ety. The
interest rate sequence (R;) is determined by

By
d 153641 T dis1
R = Q1 t a1 _ n B t;1 : . (129)
a T+5%

0

Ct+1

7.
Ct

According to Definition 4, Ry = %
(cf,cf) by

Then, we can find the consumption allocation

p
of = ——=el, 1 =n(——=el | +dig). (130)

1+

Applying Lemma 8’s point 2, the equilibrium allocation given by (130) satisfies the uniform
strictness condition. According to Proposition 8’s part 1, this equilibrium is Pareto optimal
Lemma 2’s point 2, the equilibrium is bubbly if and only if >_,5, % < 00, which is
equivalent to ) ;- g—f, < oo0. When it is bubbly, we have, by using Lemma 2’s point 4,
- t
limy_, o0 g—f, = limy oo Z—ig—ﬁ = % It means that the equilibrium is asymptotically bubbly.
t t

O
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