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Abstract

This paper introduces consumption externalities in a one-sector Ramsey econ-
omy featuring heterogeneous households and borrowing constraints. Externalities
are taken into account by writing that the felicity functions depend upon the con-
sumption of all the households in the economy. Focusing on the class of equilibria
in which the most patient household owns the whole capital stock, it is proved that
there exist non-convergent Ramsey equilibria even though the Maximum Income
Monotonicity (MIM) condition holds.
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1. INTRODUCTION

1.1 MOTIVATION AND RESULTS

The present paper considers the issue of how consumption externalities, that is nonmar-
ket interdependence between households, affect the dynamics exhibited by the one-sector
Ramsey model with heterogeneous households and borrowing constraints. It will be as-
sumed that, besides their own consumption, households are influenced by the consumption
of others. To be more specific, each household’s felicity function will depend at any date

on the state of the economy which is determined by the overall consumption distribution.!

The standard Ramsey model provides a framework for understanding a competitive mar-
ket economy. Even though the span of intertemporal trades is restricted, the allocation
of resources is determined exclusively by market mechanism. Each agent interacts with
society solely via markets. However, social relations, although hardly insignificant for the
welfare of individuals and the allocation of resources, are largely beyond the scope of the
competitive market. To put it differently, it could be said that the dependence between
individual actions actually goes beyond the balance between demand and supply in equi-
librium. Such a dependence originates in non-market interactions, the latter being usually
termed externalities. Widespread externalities then appear as an appropriate device to

account for non-market interactions within competitive market economies.

In focus will be put on a special class of equilibrium, in which the turnpike property
holds. The latter, which is actually satisfied by the stationary equilibrium, will be ensured
by a myopia argument. The interest of this class of equilibria is that they are easily
characterized by making use of the dynamical systems approach, initiated by Becker
and Foias (1990) and extensively used since then (see e.g. Becker and Foias (1994),
Sorger (1994)). The main result could stated as follows: in the presence of consumption

externalities, the Maximum Income Monotonicity condition is not sufficient to ensure the

1Other types of households’ dependencies could have been considered. Consumption externalities
could impact the time preference rather than the felicity function; households could be concerned with
the distribution of wealth rather than consumption, along the line of Balasko (2015). But it should be
noted that the analysis would have been much more intricate. See Kochov and Song (2023) for a study

in a context of infinite repreated games.



convergence of the capital stock towards its steady state value. On the opposite, it could
be argued that social interactions not mediated by markets can ensure convergence that
would not be obtained in their absence; stabilizing non-market interdependencies, so to

speak.

As a matter of fact, widespread externalities are those created by and simultaneously
affecting large numbers of individuals. Unlike local externalities, they are related to the
entire society, and cannot be removed by negotiations between individuals. Widespread
consumption externalities are thus a device to formalize out of markets dependencies
among individuals within large societies. McKenzie (1955) was the first to prove explicitly
the existence of competitive equilibrium in a finite, convex economy where each consumer’s
preferences depend on the allocation of resources among other consumers (see also Arrow
and Hahn (1971)). The issue has received particular attention in recent years (see, e.g.,
Geanakoplos and Polemarchakis (2008), Bonisseau and del Mercato (2010), Dufwenberg et
al. (2011), del Mercato and Platino (2017), Velez (2017), Nguyen (2021) and del Mercato
and Nguyen (2023)).

1.2 RELATED LITERATURE

Dynamic general equilibrium models seek knowledge about the time paths of prices, con-
sumption, and wealth of decentralized market economies. One class of these models
considers one-good economies populated by finitely many households, each a distinct in-
dividual with different tastes and endowments, in order to examine the interaction between
rates of time preference, the completeness of markets, and the technological possibilities

for capital accumulation.

In a complete Arrow-Debreu markets economy or, similarly, in a sequential markets econ-
omy where individuals are allowed to borrow and lend subject to repaying all loans, a
heterogenous distribution of discounting rates leads to the emergence of dominant house-
hold: the consumption of relatively more impatient households is driven towards zero as
their incomes are entirely devoted to debt service; in the long run only the most patient
household has positive wealth, consumes the entire output of the economy, and determines

prices. This result, known as Ramsey’s conjecture, has been proven by Bewley (1982) and



Coles (1986).2

In an incomplete markets economy or, similarly, in a sequential markets economy where
individuals cannot discount their future labor incomes, heterogeneous discounting does
not imply that the whole consumption ultimately goes to the most patient individual.
However, Becker (1980) showed that the stationary equilibrium of such heterogeneous
households no-borrowing economy features a dramatically skewed distribution of wealth
and consumption: only the most patient household owns capital, impatient households

consume at the minimum.

What about non-stationary equilibria? In a comprehensive survey, Becker (2006) points
out that Ramsey’s conjecture about the eventual capital ownership pattern does not hold
in general. More precisely, the only major result that can be proven under standard
assumptions is the so-called recurrence property: every household other than the most
patient one must attain the zero-capital state infinitely often.® Furthermore, it has been
shown in Becker and Foias (1987, 1994) and Sorger (1994) that Ramsey equilibria can
display non-convergent behavior, even when the turnpike property holds, i.e., even when

eventually the most patient household owns the entire capital stock.

Focusing on the economy’s primitives, Becker and Foias (1987) came up with the first
sufficient condition for the convergence of the capital stock in every Ramsey equilibrium,
the Capital Income Monotonicity (CIM) condition. They proved that if the production
technology is such that the capital income is monotone increasing in the capital stock,
the wealth distribution becomes degenerate in finite time, or in other words, the turnpike
property holds. Additionally, all variables converge asymptotically toward their steady
state values. In a recent contribution, Becker et al. (2014) established that a weaker
condition, the monotonicity of the maximal income that any household can have - the

Maximum Income Monotonicity (MIM) condition, is indeed sufficient.*

2The accuracy of the Ramsey conjecture is obtained provided each household’s tastes are represented
by a time additive and separable utility function with a fixed rate of time preference. This outcome
occurs either asymptotically (at every finite date the households have positive but small and shrinking
consumption) or eventually (in finite time). The latter result is due to the assumption that marginal

utility is bounded, even at zero consumption.
3Indeed, in an example due to M.L. Stern, reported in Becker (2006), the impatient household holds

positive capital infinitely often. Becker et al. (2014) provide a reciprocal example in which the most

patient household reaches a no capital position infinitely often.
4 Attempts have been made to seek alternative conditions which guarantee the convergence of the



To finish, it is worthwhile to point out that the properties of the continuous-time formula-
tion of the Ramsey model stand in stark contrast to the ones of the discrete-time version.
As a matter of fact, Mitra and Sorger (2013) proved that in the continuous-time Ramsey
economy: (i) the unique steady state equilibrium is globally asymptotically stable, and (ii)
along every Ramsey equilibrium the most patient household eventually owns the whole

stock of capital.

1.3 ORGANIZATION

This paper is organized as follows. Section 2 is devoted to the model and basic assump-
tions, with the definition of Ramsey equilibrium with externalities, and a small global
analysis. Section 3 establishes the existence of non-convergent equilibria, even though the
turnpike property applies and the MIM condition holds. Section 4 concludes. All proofs
are gathered in the Appendix.

2. THE RAMSEY ECONOMY WITH DEPENDENT

PREFERENCES

This section describes the economy under consideration. Except for the assumption that
individual tastes are dependent, this is the standard competitive Ramsey model with

borrowing constraints comprehensively surveyed by Becker (2006).

2.1 FUNDAMENTALS

Time is discrete; periods are indexed by ¢t > 0. The production sector consists of a set
of identical competitive firms, which transform labor and capital into a homogeneous
output good. The set of firms has unit measure. Let Ry = [0,00) and Ry} = (0, 00).
The common technology is described by the linearly homogeneous production function

F :R% — Ry. At the beginning of period ¢, every firm hires L; unit of labor and K} unit

equilibrium capital sequence. For instance, Borrissov and Dubey (2015) relax the no borrowing condition
by letting the households to be able to borrow against their next period wage income and show that

irrespective of production function, the capital stock sequence converges; see also Becker et al. (2015).



of capital in order to produce the amount of output F(K;, L;). Let denotes the rental
rates for labor and capital in period t by w; and r;, respectively. In every period t > 0,

firms solve the static problem:

p/ = F(Ky, L) — 1Ky — wi L. 1
(%%}i) (K, L) — Ky — wi Ly (1)

In order to state assumptions about the technology, it will be useful to define a reduced
production function written only in terms of capital. Define the function f : R, — Ry
by f(K) = F(K,{), where { is the total labor endowment of the economy; see below. It

is assumed that

Assumption 1. Assumption on production function: The reduced production function f
is continuous on Ry and C* on R, with f(0) =0, f/(K) > 0, and f"(K) < 0 for all
K € Ryy. In addition, it holds that limg o f'(K) = +00 and limg_, f'(K) <1 (Inada

conditions).

Under Assumption 1, whenever 0 < r; < oo, there is a unique positive stock K; which

solves P¥ at each t:

fI(EK) =74 (2)

The corresponding wage, wy, is positive and given by the zero profit condition:

1

:Exmm_mﬂmﬂ (3)

Wy

As regards the consumption sector, there is a finite number H of households labeled by
h € H = {1,..., H}. The lifetime preferences of households h € H are described by
an additively separable utility function characterized by (u”;dy), where u” is the felicity
or one-period utility function and ¢, denotes the constant discount factor. This paper
being aimed at illustrating how nonmarket interactions impinge upon Ramsey equilibria,
it will be assumed that besides her own consumption, each household cares about the
consumption by all the other households in the economy. The consumption of others may
matter because individuals are altruistic, envious, non-conformist, or even malevolent. In

this setting,
uh:Rf_l X R+— R,
h

so that u”(c",¢™") represents household h’s felicity associated with the consumption c

and the consumption by the other households ¢ := (¢!);eg0\p-

5



Assumption 2. Assumption on preferences:

1) Wehavel>51>5QZ§32---25H>0.

ii) For each h € H the function u™ : Rf‘l xR — R is continuous and €% on R, XRE_I.
In addition, for each ¢ € ]Rf_l, the function u™(-,c™") is strictly increasing and

strictly concave on Ry, satisfying the Inada condition:

iii) For each h € H the felicity function u" is non-separable in externalities:

o [oul ,
i (@) 7£ 0, Vi 7é h.

iv)

R
sup e
h ~—h
CGRE,E_’IER571 Dl (C , C )

Assumptions 2(i) and 2(ii) are standard. They assume the existence of a most patient
agent, the boundedness from below of the utility functions, their concavity and the Inada
property.

Assumption 2(iii) implies that externalities do influence not only the felicity levels but
also the marginal rate of substitution. In other words, an agent’s evaluation of a trade is
allowed to depend on the trades engaged by other members of the economy. More pre-
cisely, the marginal rate of substitution between any pair of adjacent dates for household

h € H depends on the consumption of all other households at those dates:

G (et o)

MRS}, = —22 e (4)
’ 5’1% (C?Jrlv Ct+h1>

This feature is critical. As a matter of fact, the mere dependence of u" on ¢™" does not
mean that the economic behavior of a household will depend upon the consumption of
the others. If, for instance, each household’s felicity function is additive separable in the
consumption of the rest of households, the presence of externalities would have welfare

effects, but it would not affect the behavior of any household.” One expects consumption

5In a pure exchange economy Dufwenberg et al. (2011) showed that with additively separable utility

functions, equilibrium prices and allocations are those of the economy without externalities.



externalities to affect the outcome of competitive markets if and only if they have an
effect on the marginal rates of substitution. Sole non-additively separable externalities

introduce intricate interdependencies.

Assumption 2(iv) ensures that the marginal rate of substitution MRS}, ; is bounded away

from zero and infinity.

Household h € H is endowed with k" > 0 units of capital at time ¢t = 0 and ¢* > 0 units
of labor at all dates t > 0.5 Let 2! denote the capital stock held by household h at the
beginning of period t. For simplicity, and without loss of generality, it will be assumed

that capital fully depreciates within the period.

The characteristic of the competitive environment is that every household behaves as
though she were unable to influence the market prices or the actions of other households.
Given the prices sequences {w; };>¢ and {r;}:>o, and the sequence of consumption patterns

of other households {c;"};5¢, each household h € 3 solves:

P max 3 sl ) )
{C?vx?+1} =0
subject to
of 4wty = ey + wel, (6)
>0, 2t >0, xf = k", {c;"}i>0 given. (7)

where the constraint (7) states that households must have non-negative wealth at each
time; they are not allowed to finance present consumption by borrowing against future

income.

The no arbitrage condition for {c¢[*, 2", };>¢ to solve P" are ¢/* > 0 and:

auh hx _—hx > 5 auh hx —hx ith “="7 if hx 0 8
e (™) > hrt+1ac—h><ct+1’ct+l) with “="if 2,7, > 0. (8)
t t+1

The Euler condition is sufficient beging provided that

h

. au *x _—hx* *
tgllolo((sh)ta_c? (C? » Ct " )xilﬂ =0.

A collection & = (f, {u", 0n, k", " }e5¢) satisfying Assumptions 1-4, k" >0, 3, . k" > 0,
and /" > 0 is said to be a dependent household felicities Ramsey economy, or an economy

for short.

SNotice that, because the utility is derived solely from consumption goods, the competitive household

will offer its entire endowment of labor services to the market in each time period.
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2.2 THE EQUILIBRIUM CONCEPT AND A GLOBAL ANALYSIS

The assumed competitive organization of markets along the widespread nature of exter-
nalities justify using a noncooperative perfect foresight equilibrium. More specifically, a
competitive equilibrium in a Ramsey economy with widespread externalties is defined so

that:

(i) Agents (households and firms) maximize their goals by perfectly anticipating and

taking as given both the sequences of prices and levels of externalities.
(ii) The induced demands and supplies balance at every point of time.

(iii) The resulting levels of externalities coincide at every date with expected levels.

DEFINITION 2.1. The sequences of rental rates {ry, w; }s>o and allocations { K}, L, (¢, 21 )neac b0

constitute an equilibrium for an economy & provided that:
1) for all h € H, {c*, 21"} solves P" given {r;, w}}i>o and {c™*};
2) for each t >0, (K}, L¥) solves P/ given (rf,wy);
3) the capital market clears: K§ =", o k" and, for allt > 1, K} =37, 4 x1*;

4) the labor market clears: for eacht >0, Lf = >, 40" =1

Walras law ensuring balance on the output market, i.e., >, qc(cl* + xlty) = f(K}), for

all t > 1, Zhe%(co + kM) = f(KE).

A Ramsey equilibrium {r;, wy, K;, Ly, (¢, 1) e3¢} is a stationary Ramsey equilibrium pro-

vided that, forall t > 0, r, =7, w, =w, K, = K, Ly = L, ¢} =¢", 2 = 7"

Let
r(z) = f(z)z, (9)
w(r) = ————". (10)

DEFINITION 2.2. The economy satisfies the Income Monotonicity Condition (IMC) if the

function

15 increasing with respect to x, for all h.



It is clear that if r(x) is increasing with respect to x, then the IMC condition is satisfied.

A turnpike equilibirum is defined as an equilibrium such that z* = 0 with h € H*, with

prices 1} = r(z}*), wf = w(z;*). Precisely,

xé* = k', and x%* >0,Vt > 1, (11)
out ou' . .
det (e >(wt€h)heﬂﬂ) (517"t+1a T (ciy, (Wi 0" pese) ,VE >0, (12)
auh * * *
8 ( gh (Ctl 7(wt£)ieﬂfb\{h}))
* 8uh * ph 1x L
> 5h7“t+1—ach (wil", (e/*, (Wil )iesengny)) ¥t > 0,Vh € H", (13)
t

lim (5h)ta—“h ()%, ¢, ™) 2ty = 0,Vh € K. (14)
o0 acg t -t t+1

A stationary turnpike equilibrium is a turnpike equilibrium that is stationary.

For instance, we focus on the existence of an equilibrium for this economy. Under As-
sumptions 1 and 2 that we imposed on the whole article from now on, an equilibrium

exists.

PROPOSITION 2.1. The economy & admits an equilibrium.

Let K be the solution to 6, f/(K) = 1 and K be the capital accumulation such that

h _
P = x sp O

H  cerE c-herf™! o (M)
By the concavity of the production function f, we have K < K. Proposition 2.2 provides
some results about global dynamic of the economy. The capital sequence is bounded
from below, there is no agent with a consumption sequence that converges to zero, and
the capital stock level of every impatient agent visits infinitely often the zero level. As

a direct consequence of this result, a stationary equilibrium must satisfy the turpike

property.

PROPOSITION 2.2. Assume that {ry, wy, Ky, Ly, (¢}, 20 ) neac }$2, is an equilibrium.

i) We have
limsup K; > K.

t—o00

ii) For every t > 0, K; > min{K,, K }.



iii) For every h,

limsup ¢ > 0.
t—00

iv) For every h > 2, there exist an infinite number of time t such that 2 = 0.

3. MAXIMAL INCOME MONOTONICITY CONDITION AND

NON-CONVERGENT RAMSEY EQUILIBRIA

The existence theorem is silent about the qualitative properties of Ramsey equilibria.
This section is aimed at shedding some light on these properties. The explanatory in-
quiry hereafter is interested in wether or not the aggregate capital path converges in an
equilibrium configuration. In the setting without external effects, Theorem 4 in Becker et
al. (2014) showed that if the maximal income that any household can receive in monotone
increasing, then the aggregate capital sequence along every, i.e., irrespective of the initial
wealth distribution, equilibrium path is convergent, and eventually the turnpike property
holds. They called this sufficient condition the Maximal Income Monotonicity (MIM)

condition.

It will be established that the MIM condition is no longer sufficient to ensure convergence
whenever households’ preferences are dependent. First, by constructing a two households
economy admitting an equilibrium which steadily exhibits the recurrence property. Sec-
ond, by characterizing a special class of equilibria in which the most patient household

owns the entire stock of capital of the economy, i.e., called the turnpike property.

3.1 NON-CONVERGENCE: AN EXAMPLE

This section considers an economy (f, (u', 6y, k1, £1), (u?, 6o, k2, £?)) satisfying Assumptions
1-2, and 0 < 5 < 67 < 1. It aims to construct an equilibrium exhibiting the recurrence
property permanently notwithstanding the fact that the MIM condition on f is met. To
properly state the latter, observe that the maximal income a single household h can receive
is when that household owns the whole stock of capital, i.e, 2" = K. In this happens, the
said income would be w(K )" + r(K)K, where w(K) and r(K) are the equilibrium wage

rate for labour and rental rate for capital, respectively. The MIM condition means that

10



the latter is monotonously increasing in K.

Let K be the unique solution to the equation &,7(K) = 1. For each value K* > K, denote
by K, the capital satisfying K, < K < K* and:

r(K*)r(K,) = =.

Now it is obvious that if K* converges to K, the same happens for K,. We will prove the

following claim: for K* and K, sufficiently close to K, there exist (', %%, ¢, 3, c2) € RS,

such that:
c+ K, = w(K*)" +r(K*)7', (15a)
& = w(K*)? + r(K*)i?, (15b)
c+ it = w(K ) +r(K)K,, (15¢)
&+ 1 = w(K,)P?, (15d)
P47 = K (15€)

Indeed, equations (15a) and (15¢), yields:

2 (w(K,) — w(K*) e+ (1 +r(K,))K,
1+ r(K*) '

We can re-write this equality as:

K0 4 r(K)K, = (w(E) +r(K)K*) + K~ K*

~1 K* — 'LU(
o 1+ r(K*)

The MIM condition thus entails ! < K*, which, from (15e), is equivalent to #* > 0. One

verifies that as K* converges to K, (', ¢, &, &%) converge correspondingly to

<K,w(f()€1 + (511 - 1) f(,w(f()ez,w@c)e?) eR:,.

It follows that, as claimed, for K* and K, close enough to K, the following values are
strictly positive: (z',2%,¢,¢3,¢7) € R, .

To pursue, notice that ¢ + é2 + K, = f(K*), and ¢+ ¢ + K* = f(K,). Hence, ¢2 > ¢.

11



Fix £ > 0 small enough so as 3 — r(K*)e > ¢2 +¢. Let

=3 4 ¢,

Q
S
I
o
|
™

cg =& —r(K*e,

h

Now, assume that felicity functions u" are given by:

u'(ef, ¢ ") = u(e (e "), h=1,2,

h

where u is a concave function, v" is a continuous, increasing function such that v"(c) > 0

for ¢ > 0.
Recall that ¢} < ¢}, and ¢2 > ¢?. Tt is obvious that
u'(cp) < ur (K )u'(e),
u'(c]) > Gor(K*)u'(c]).
It is clear that we can choose functions v and v? strictly increasing such that
u'(cp)v' (c5) = dir (K (ep)v' (),
' (ef)v*(e1) = dar (K*)u'(c5)v*(cp).
Keeping in mind that r(K*)r(K,) = 5% < 5%, the previous equalities imply:
1 2
u'(ep)v'(ef) = dur(K*)u'(cp)v' (cp),

u'(c)v*(co) > Gar (K )u' (7)o (cy).

12



Now, consider the sequence of rental rates {r;, w;} such that for any s > 0,

ros = 1(K™),
Tos+1 = r(K*),
ways = w(K™),

Wos11 = U)(K*)

For s > 0, let
‘/E%S = xl?
x%erl = K*’
x%s = ZEQ,
x%s—i—l =0,
Ca5 = Cp;
C%s—i—l = C%’
C%S = Cg’
Cgs—l-l = C%‘

Finally, it is easy to verify that the sequence of aggregate capital stocks { K*, K,, K*, K,, ...};

the dominant household’s stocks {z', K, z', K,, ...} and consumption stream {c}, ¢}, ¢}, cl, ..

the impatient household’s holdings of capital {22, 0,22 0,...} and sequence of consump-

tions, {c3, 3, 2,2, ...} verify z} + 27 = K}, the budget balance conditions
h b h h
¢+l =w, +rw), h=1,2.

Moreover, they satisfy the no arbitrage and transversality conditions for each household.

They consequently constitute a Ramsey equilibrium.

3.2 NON-CONVERGENCE: THE DYNAMICAL APPROACH

One of our main purposes is to characterize a special class of equilibria in which the
turnpike property holds. The motivation for focusing upon this specific solution is twofold:
on the one hand, the turnpike property holds at the stationary equilibrium; on the other,

it allows to examine the behavior of the non-stationary equilibria by making use of the

13
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dynamical systems approach initiated by Becker and Foias (1990).”

3.2.1 THE TURNPIKE PROPERTY: A MYOPIA ARGUMENT

The equilibrium path has the turnpike property when the capital stocks held by relatively
impatient households, 7.e., the ones of whom discount factors are below the highest dis-
count factor in the economy, are zero. Starting from an arbitrary endowment of capital
{k" : k" > 0}, the turnpike property should be understood as meaning that every house-
hold other that the most patient one eventually reach a no capital position and maintain

that state thereafter.

In the narrower sense used here, the turnpike property on the capital ownership pattern
holds for all time. This clearly requires that the capital endowment of relatively impatient
households must be zero. The economies considered in the sequel will therefore satisfy

the skewed capital endowment condition: The initial distributions of capital are such as

k' > 0 and k" =0, for all h € H".

However, even though impatient households have a zero capital stock ownership position
at time 0, they receive a positive wage, and they always have the option of acquiring
capital. Thus, in order for the turnpike property to hold for all time, the equilibrium
path must be constructed in such way that only the most patient household has the
willingness to accumulate capital. Lemmas 3.1 and 3.2 state the necessary and sufficient

conditions for this to happen.

Clearly, whenever the turnpike property holds, the resulting properties of the model are
deduced by examining this special case where the aggregate capital stock and the most
patient household’s stock are the same. The resulting paths of aggregate capital stocks
and consumptions for the most patient household, together with the assignment of wage
income to the relatively more impatient households always expresses an equilibrium for
some economy. That is, the felicity functions of impatient households and their discount
factors can always be chosen to support the specially constructed path as a Ramsey

equilibrium.

Following Becker and Tsyganov (2002), the turnpike property obtains whenever relatively

"To cite some contributions where the turnpike property obtains, see Becker and Foias (1994), Becker

and Tsyganov (2002), and Sorger (1994).

14



impatient households are sufficiently myopic in comparison with the dominant household’s
time preference. Notice that the myopia argument is particularly suitable here inasmuch
as, by assumption, discount factors are exogenous, i.e., not related to the state of the

economy.
Formally, fix the felicity functions and consider the sequence {c/*,z;*};>0, with z{* =
k' > 0, constructed from the most patient household’s no arbitage conditions together
with that household’s budget balance relations:

ou! Ly out oo,
a_c% <C%*7 ( (x%*)gh)hegp> = 51T (x2+1) (Ct—i-lv ( (xt+1)€h)hejfb> (16)

et Cit1
Ct + xt+1 =T (%?) jUt + w(fftl*)fla (17)

hypothesizing that cf* = w(x}*)¢" for each h € H*. Now, let

S 2 (w(@p) e, (cf*, (w(@p)nesenrgny)) s
05, = in " - - - i .
b+l T(xtﬂ)aal (w(xt+1)£h7 (C%Jrla (w(xtJrl)g )heﬂ-ﬁb\{h}))

Clearly, if 6, < 05 the agent’s h no arbitrage conditions (13) will remain slack along
the constructed path; this means that perfectly foreseeing the sequence of rental prices
{wy,rr} = {w(xf*),r(x}*)}, household h has no incentive to acquire capital. It follows
that {cl*, x1*};>0, constructed from equations (16)-(17), together with {c* x/*}~¢ =
{w(z)" 0}4>0, for each h € H*, is a Ramsey equilibrium along which the most patient
household owns all the capital. This inspires us to Lemma 3.1.

For each capital level k' > 0, let TI(k') be the set of sequences {z}}°, such that z{ = k!
and

0 < agyy < ray)z; +wla)l
for every t > 0.

LEMMA 3.1. Fiz k' > 0.

i) For each sequence {x}}%2, € TI(kY), let ' = w(x})I", for h > 2. There exists solution
to {z}}:2, € T(KY) to the following problem:
maxz (6) (e}, ™),
5. €8y By = () +w(a)l

g5 =K' ¢ >0 for every t.
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ii) For @ € TI(kY), let T*(2') = @'. There exists a sequence €* € (k') such that

wl* — Tl (iBl*).

For {z}*}2, that is a fixed point of 7" in Lemma 3.1, let d, be defined as in (18).
Observe that §, crucially depends upon §; and k', and even on the chosen fixed point
of T'. Therefore, and roughly speaking, saying that §;, < d, is tantamount to regarding

relative impatient households as strongly myopic in comparison to the dominant one.

Assumption 3. For each h € H*, o, < 9.

A sequence {c, xt}>0 is called a turnpike consumption-capital sequence if the following

conditions are satisfied:

20 > 0, (19)
ou! ou'

a—ct (Ct7 (w(xt)gh)hef}ﬂ> = (517” (xt—i-l) act+l (Ct+17 (w(xt—i_l)gh)hef}{b) , (20)

c+ xpy =1 (1) 24 + w2, (21)
, ou'

Jim (5,)" 5~ <ct, (w(:ct)fh)hew) Tip1 = 0. (22)

Lemma 3.2 paves the necessary conditions for the existence of a turnpike equilibrium

path.

LEMMA 3.2. The sequence {r, wy, (cF, 1) nese iso is turnpike equilibrium if {ct, v} }i>o is

a turnptke consumption-capital sequence and

re =r(zy) and wy = w(xy),
cf = ¢ and v} = x4,
= wl" and z! =0, Vh € H".
The above-mentioned considerations suggest Proposition 3.1.

PROPOSITION 3.1. i) There ezists unique stationary turnpike equilibrium. This equi-

librium satisfies k' = K .

ii) Fiz k' > 0. By adding the myopic assumption, the economy & admits a turnpike

equilibrium beginning from Ko = k'.
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3.2.2 A LOCAL DYNAMICS ANALYSIS

The object of this subsection is to show that there exists dependent felicities Ramsey
equilibria satisfying the turnpike property (by construction) that fail to converge even

when the MIM condition is satisfied.

When the turnpike property holds, the equilibrium dynamics can be described by a two-
dimensional dynamical system. The first equation of that system is the budget balance

relation of the dominant household, which can be written:

Ti41 = g(xt) — Gy,

where g(z) = r(z)z + w(x)¢'; g denotes the dominant agent’s income function. As
regards the second equation, Assumptions 1-3 imply the existence of a continuous function

F R++ X R++ — R++ such that

g—i <c, (w(x)éh)hegﬂ) —

where G(x,c) := g(z) — ¢. A Ramsey equilibrium with the turnpike property is then an

orbit {zy, ¢; }1>0, such that (z4,¢;) € Ry x Ry, generated by the equations

Tip1 = G(xn Ct)a (23)

Ct+1 = F(Z['t, Ct>, (24)

from the initial condition (zg, ¢g).®

The constant orbit {x;, ¢ }i>0 = {7, ¢}, where (Z,¢) € R, x R, is the unique fixed
point of the system (23)-(24), is a stationary Ramsey equilibrium if 7 = K. If 2o # 7,
the Ramsey equilibrium is non-stationary. If it happens that lim; ., z; = 7, the Ramsey
equilibrium is asymptotically stationary. Should this not be the case, and with a slight

abuse of terminology, the Ramsey equilibrium will be referred to as non-convergent.

8In the current economic model, only the aggregate capital endowment zy = k' is a given data; cg
must be properly chosen in order for the orbit to represent an equilibrium trajectory, i.e., to satisfy the

transversality condition (22).
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Let
out

0 = e (@ (w(@)")hesr:)

n = —% (Eu ((w(f)gh)heﬂ{’) )
Fut O

2 g CU@O) T

The differentiation of the system (23)-(24), evaluated at (7,¢), yields:

d!E’t+1 = —dCt + g'(f)d@,
—ndci + (0r'(T)0 + W' (T)le)day = —ndey + W' (T)ledy.
The Jacobian matrix is determined as:
1 ng' () -

J==-
T\ (1-4¢@)w'(@e—dg@or' @0 n+or(T)o+ v (T)e

The characteristic polynomial for the Jacobian matrix J is A2 — TA\ + D = 0, where

T = 1+4¢(z)— %(517~/(I)9 + w'(T)le),
D = ¢(z)- %w'(f)ée.

The eigenvalues of the corresponding jacobian matrix J are real; one of them, at least,
with a modulus greater than one. An hyperbolic fixed point (7,¢) is therefore either
locally unstable or a saddle point. In this latter case, the local stable manifold is one-
dimensional. An orbit {z, ¢; }+>0 lying on that manifold is asymptotically stationary, and
thus a Ramsey equilibrium. Furthermore, for any z, sufficiently closes to T, there exits
an unique ¢y such that (zg, c) lies on the stable manifold. This leads to the conclusion
that the Ramsey equilibrium is locally unique, that is, there are no other equilibria, i.e.,

no other orbit, in any close neighborhood of the steady state.

PROPOSITION 3.2. There exists an economy £ which has a non-convergent Ramsey equi-

librium.

Proposition 3.2 tells us that a Ramsey equilibrium with the turnpike property may not
be asymptotically stationary. As is readily seen, this could occur even if the Income

Monotonicity Condition (IMC) holds true.
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Let
or'(z)0
€= ————.
- 2w ()¢
From Proposition 3.2, if we add additional condition about Income Monotonicity Con-
dition, the economy may exhibit non-convergent equilibrium, under condition ¢ > «¢.

Observe that if r(z) is increasing with respect to z, then the condition is satisfied with

any € > 0.

COROLLARY 3.1. There exist economies satisfying Assumptions 1, 2, 3 and the Income

Monotonicity Condition that admit a non-convergent equilibrium.

Corollary 3.1 shows that, in the presence of external effects, the IMC is not sufficient to

rule out non-convergence. A point of interest is actually the sign of:

o%*ut B 0%*ut A
S = (Dc1)? (6170 1) +Z 9cloch (Cl’c 1) 7

Observe that at steady state,
S=-n+e.

A positive value of S means that the overall effect of changes in the consumption (¢™*)
of impatient households on the dominant household’s marginal felicity (¢ at the steady
state), prevails over the negative effect of a change in the consumption ¢! of the dominant
households (7 in absolute value at the steady state). In other words, the most patient
household’s marginal felicity is more sensitive to the consumption of the others as a whole

than to his own consumption.

One would then describe the positive external effects as being of the first-order. Should
the latter phenomenon requested in order for non-convergent equilibria to exist, one would
then say that these equilibria rest upon quite strong externalities.” As it will be shown

below, this is indeed not the case.

9In the case of finite pure exchange economies with consumption external effects, Bonisseau and
del Mercato (2010) established that the standard assumptions do not suffice to guarantee the generic
regularity of the competitive equilibrium. An additional assumption on the second order external effects
on utility, that ensures that the external effects on one consumer’s marginal utilities is dominated by the
effect of his own consumption, is required. In the absence of this assumption, they provide an example

where equilibria are indeterminate for all initial endowments.
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ProprosITION 3.3. Consider the set of economies satisfying the Income Monotonicity
Condition, and such that ¢ > €. The subset of economies with n > € exhibiting non-

convergent equilibria s non-empty.

To gain further insights into the issue of how an economy’s primitives relate to the exis-
tence of a non-convergent equilibrium it is convenient to to rewrite ¢'(z) and w'(z)¢/(1+

¢'(z)) in the following way:

g/<x) — T(I) (1 + T’(ZL’)ZL‘ 4 w’(a:)xw(x) ﬁ) , (25)

r(z)  w(z) r(z) x
w@l S e £ | (26)
Lrelo) g+ e
Now, let
s(x) = ff<<~”;>)fc, -
o(z) = L@ (@) — 2/ (@) (28)

xf(x) f"(x)
denote the share of capital in total income and the elasticity substitution between capital

and labor, respectively. It is immediate to see that:

w'(x)z _ s(x)
w(z) o(z)’
r'(z)x . s(x)
r(z) o(r)
w(x) _ 1= s(z)x
r(z) s(x)

In order to simplify the notation, hereafter the argument of the various functions will be
omitted when referring to the steady state, e.g., s := s(z). Remembering that 6;7(z) = 1,

substitutions and simplifications finally deliver:

J = i(1—1_SA>, (29)

w'l 1=s
= c 30
1+¢ 146, — =2 (30)

where X :=1—/'/¢ € (0,1) denotes de share of the impatient households in the economy

labour force.

Something can now be said about the economies in which non-convergence of the capital
stock is eventually reconcilable with the increasing dominant household’s incomes (IMC)

and in parallel “moderate”, i.e., second-order, external effects.
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It is worthy delineating these economies in terms of share of the impatient households,
¢ — (%, in the total labor force £. The outcomes of that delineation are summarized in the

following proposition.

PROPOSITION 3.4. Make Assumptions 1-3. Let 0 > 0 and s € (0,1) denote the steady
state values of the factors elasticity of substitution and the capital share, respectively. Let

A\ :=1—(01/0 be the share of the impatient households in the labour force. Assume that:

o ‘ o 1—s
pY= (max{(),l—_s(1+51)—1},mm{—1_5,1}), foro e <O721+51>'

Then there are economies in which the IMC holds, the external effects are second-order

in preferences, that exhibit non-convergent equilibria.

4. (CONCLUSION

This paper has introduced consumption externalities in a standard Ramsey model with
heterogeneous agents and borrowing constraints. It has been shown that the Maximum
Income Monotonocity (MIM) assumption is no longer sufficient to rule out non-convergent
Ramsey equilibria, even if the turnpike property applies. Furthermore, the existence of
such equilibria is compatible with the second order external effects on felicity functions.
This clearly establish that nonmarket interdependences may have noticeable positive (as

opposite to normative) influence on competitive market mechanisms.

5. APPENDIX

5.1 PROOF OF PROPOSITION 2.1

To simplify the exposition, let

for every h =1,2,...,H, and c € RY.

We present here a proof being based on the arguments presented in the proof of Theorem

4.1 and Proposition 4.4 in Becker et al. (1991). Following Becker et al. (1991), the main
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idea is to construct a Tatonnement Map on the set of feasible aggregate capital sequences,

which is compact.

First, fix € > 0 small enough such that € < Zthl k" and for every h:

1 WM (ch, e
"(€) > — x — 31
f'(€) P SPin_l ul(ch, &) (31)

Given a level of aggregate capital K;, by the strict concavity of f, there is a unique pair
(r¢, wy) such that K; maximizes one-period profits at rental rate r, and wage w;. Precisely,

= f'(K;) and wy = & (f(K;) — f'(K¢)K;). Each sequence {K,}72, generates a sequence
{(rt,wt)}fio. Given K = {K,}2,, let B"(K) the set of consumption sequences {c}}>°,

such that there exists a sequence of investment {z7}2° satisfying 8 = k" and
f + = ral + wd" for all h.
Our proof differs from the one of Becker et al. (1991) only at this stage. Define
B(K) = I/, B"(K),

the cartesian product of {B"(K)},. Recall that B(K) is a compact subset of a Fréchet
space.'’ For each sequence (c',c?,...,c) € B(K), let {¢"}%°, as the solution of the

following problem:

max g Stul(eh eh

~h h
S.C. G —l—xtﬂ = el +wl",
& al > 0,vt,

h_ 1h
xy = k"

The agent h maximizes her or his inter-temporal utility, taking {c,"}°, as given. Let
T(c' c?,....cf) ={(, &, ....¢f")},, By the strict concavity of utility functions u",
with 1 < h < H, in respect to the product topology, the operator T is a continu-
ous function from B(K) to B(K), which is compact. Hence, there exists a fixed point

(¢t c*?,..., c*f) € B(K) such that T'(c*',c*? ... c*H) = (c*,c*?, ..., c*T).

10A Fréchet space is a locally convex metrizable topological vector space (TVS).
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The sequence (c*',¢*?, ... c*) solves the following problem:

mach? (ch ™

h
s.c. 4 xt+1 = 1) + wd",
h o h
¢/, xy > 0,Vt,

h _ 1.h
xy = k".

This is the optimal consumption with externality, given capital sequence K. Consider the
fixed point of operator 1" and for each h, let the capital supply function x"(K) be defined

as:

e+ 2t(K) = rok” + wol”,

"+ wp (K) = ey (K) + wl",
for every t > 1. Let K,(K) = Y2, !(K) and defined the tatonnement map ® such that
®,(K) = max {e, K;(K)}.

This map has a fixed point K. Denote by c¢”(K) the corresponding consumption sequence
of agent h and let ¢(K) = 3", c"(K). We prove that for every ¢, K, = K;(K). From now
on, we follows exactly the same arguments as in the proof of Proposition 4.4 in Becker et

al. (1991).

Assume that for some ty, K;,(K) = e. We will prove that from some moment s, the
sequence {K,(K)}2, is decreasing, and that leads us to a contradiction. Indeed, fix so

the smallest time such that K,,_; > € = K,,. From the no-arbitrage inequality, we have

uh/(ch 17th )

S0 1 !
> 0 f'(e).
uM(ch o)

Combining this inequality with (31), we have

uh/<ch C—h ) uh/(ch th)

so—1 “sgp—1 so—17 “sp
ht( ~h —h - ht( ~h —h)
u (CS()’ CSO ) u (CS()7 CSO )

This implies u"(cl , c;.) > uP(ch e M), and ¢ > ¢l ;. Since this inequality is verified
for every h, we have c,,(K) > c,,_1(K). Using same arguments as Becker et al. (1991),
by induction, we verify that for every ¢t > so, ¢;(K) < ¢1(K) and K,(K) > K1 (K).
The sequence {K;(K)}2, is decreasing, with a direct consequence that K; = € for every

tZSO.
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The same arguments as Becker et al. (1991) in page 454-455 lead us to a contradiction.
Hence, K;(K) > € for every t > 0. We obtain K; = K;(K), for every t > 0. Let
7o = ['(Ky), Wy = & x (f(K:) — K.f'(K})), the sequence (c',c?,...,c) be the fixed
point of operator T in B(K) and zf., = T + wil", with zf = k". It is easy to
verify that K, = S_1° 2P for every t > 0, and {7y, Wy, Ky, Ly, (¢, 2)nesc}320 is a Ramsey

equilibrium.

5.2 PROOF OF PROPOSITION 2.2

(1) First, consider Euler inequalities. For h = 1:
hel o -1 Vo1 -1
017w (G ) S w'(ep, ¢).

Since {c} }2°, is bounded from above, with a direct consequence that inf,>o u"(c}, ¢; ') > 0,

we have:
- V(e et
(51>THtT=017’t+1 Sszol 1 (1“ t_1>
u (Ct—i-lvct-i—l)
~ uM(egi)
—u(ep, ')
< OQ.
Hence

limsup ((61)" x Iy re) < oo
T—o0

A consequence of this inequality is that
liminf 6171 < 1.
t—o0

This inequality implies
limsupk; > K.

t—o00

(i7) Assume the existence of ¢ such that K; < min{Ky, K}. Since Ky > min{Ky, K},
there exists some 7" such that K > Kryq and K7 < min{ Ky, K}. For every h, by the

very definition of K, we obtain the following inequality:

onf' (Kr41) > onf'(K)
> onf'(K)

u" (e, ")

~uM (e erly)

24



Hence, for every h,

uh/(cg+1, C;ﬁl) < m X uh/(cgﬂ, c;h)
1 hty h _—h
S e x ul (., e

uh’(c,}},c;il)
Wi h —h
= u"(cp, cryy)-
This implies ¢}, > %, for every h. Combining this with Kry; < Kp, we have
Kris < Kpyq. By induction, we can prove that the sequence {Kri;}:2, is decreasing,

and lim;_,, k; < K < K, in contradiction with (7).

(74¢) This is a direct consequence of (7). Indeed, since K; > min{ Ky, K} for every ¢, the
sequence of wage is bounded from below: inf; w; > 0. Hence, for every h, limsup,_,._ c} >

0.

(iv) Assume that for some h > 2, there exists Tj such that 2 > 0 for every ¢ > Ty. Then

the Euler equation is satisfied:
ht( h —h\ _ , bt/ h —h
Onreru” (e, cn) = w'(c, ¢ ).

This implies

h'( .h .—h
_ 1 uic,c
(6h)TH?:01rt+l — HT 1 ( to“t )

=0 _
' uh/(czifl-l-l? Ct-ifll)
(g ")

- uM(chept)
Recall that

lim sup(6;) /' reyq < oo.
T—o0

Since 95, < 01, we have

(el g™ ) o\ " TT—1
b e~ |(5) <60

This implies

lim u

hry 1
T—o00 (

CT,c;l) = 00,

which is equivalent to limz_,. ¢t = 0, a contradiction with (7).
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5.3 PROOF OF LEMMA 3.1

The compactness of II(k!) is clear, combining with the strict concavity of u! in respect to
the first argument, this implies the existence and the unicity of X' as well as the continuity

of function T™. Hence, the existence of a fixed point is garuanted.

5.4 PROOF OF LEMMA 3.2

Using directly the definition in Section 2.2. The claim straightforwardly follows from the
marginal conditions of the agents maximization problems P/ and P*. The statement about

prices merely arises from the market clearing conditions z}* = K} and £ := >, (" = L}.

5.5 PROOF OF PROPOSITION 3.1

This is a direct consequence of the myopic condition and equations (16) and (17).

5.6 PROOF OF PROPOSITION 3.2

The proof makes use of the linear analysis of the dynamics near the fixed point (Z,¢);
it therefore requires £ to be such that the absolute value |k' — Z| is small enough. The

differentiation of the system (23)-(24), evaluated at (Z,¢), yields:

driyn = —de+ ¢'(%)xy,
—ndci1 + (017'(T)0 + ' (T)le)dryyr = —nde, + w'(T)ledy.
The Jacobian matrix is determined as:
S 1 ng'(T) =)
1\ (1—g¢@)w@)e - g @)or' @0 0+ @0 +w'(@)e |
where
out
9 = % (E, ((w(f)ﬁh)heg{z) s
0*u!
n o= _acac (Cv ((w(f)gh)héﬂ'fl) )
Put
£ = e (c, w(z)e") —.
= dcoc 1



The characteristic polynomial for the Jacobian matrix J is A2 — TA\ + D = 0, where
! (= 1 ! (— ] (—
T = 1+4'(T)— 5(617“ ()0 + w'(T)le),
1
D = ¢(z)— -uw'(T)le.
Now, choose the primitives of an economy £ in such a way that
2n(1+ ¢'(T)) = 61’ (T)0 + 2w/ (T) Le. (32)

Then, one of the eigenvalues of J is equal to —1. The stationary equilibrium of € is not
hyperbolic. The flip bifurcation theorem (see, e.g., Ruelle (1989), Theorem 12.1) ensures
the generic existence of an economy & in a suitable neighborhood of € which possesses a

Ramsey equilibrium exhibiting a cycle of period two.

5.7 PROOF OF COROLLARY 3.1

Note that € > ¢ merely means that the right-hand-side in (32) is strictly positive. Now,
choose the primitives in such a way that ¢/(Z) > 0, and at the same time (32) holds true.

The claim follows from Proposition 3.2.

5.8 PROOF OF PROPOSITION 3.3

We focus on the set of economies that satisfy w'(z)¢ > 1 + ¢/ (7).

Choose the primitives such that ¢’(z) > 0 and € > . Rewrite the steady state non-
hyperbolicity condition (32) as follows:
_or'(2)0 + w'(z)le
21 +g'(@)

Observe that

@ W@
1= e (1) %)

Since w'(T)¢ > 14 ¢'(T), there exists € > ¢ such that if € > &, we obtain > €. The claim

lastly follows from the flip bifurcation theorem in Ruelle (1989).
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5.9 PROOF OF PROPOSITION 3.4

Lower bound: A > ;%= (1+4;) —1 =: A means that w'/ > 1+ ¢', thus implies the existence

of € > g such that n > ¢.

Upper bound: A < ;% =: A merely entails that ¢’ > 0. The restrictions upon ¢ ensures

that (A, A) C [0, 1].
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